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Summ ary
In this thesis, several aspects of the spectral properties of semiconductor lasers 
are studied theoretically, including self-locking frequency-modulation (FM) laser 
operation, nearly degenerate four-wave mixing (NDFWM), all-optical frequency 
conversion and tuning, and infrared intersubband lasing. A multimode semicon­
ductor laser model is developed, based on the Lamb semiclassical laser theory, to 
study the multi-longitudinal mode spectral behaviours of semiconductor lasers. 
Intrinsic multiwave mixing nonlinearities occurring in the presence of gain sat­
uration are shown to give rise to self-locking in semiconductor lasers, resulting 
in FM longitudinal-mode spectrum. Calculated values of output power and FM 
modulation index in the self-locked state are in agreement with experimental 
evidence. A model for cavity-enhanced NDFWM in laser diodes with nonuni­
form gain distribution is developed. Enhancements of conjugate wave generation 
and NDFWM bandwidth axe shown to be achievable in laser diodes with low 
and unequal (asymmetric) facet reflectivities. The NDFWM model is also used 
to investigate the all-optical frequency conversion characteristics of asymmetric- 
facet two-section laser diodes. It is demonstrated that, under appropriate biasing 
conditions, such devices exhibit a uniform and an enhanced-efficiency frequency 
conversion properties. A theoretical model is also developed to study the wave­
length tuning characteristics of asymmetric gain-levered Fabry-Perot laser diodes. 
Enhancement of wavelength tunability in asymmetric two-section laser diodes is 
revealed. The feasibility of achieving infrared lasing based on intersubband transi­
tions in quantum well (QW) structures is also studied. A carrier transport model 
is developed which demonstrates the opportunity for the achievement of intersub­
band population inversion in resonant tunnelling coupled QW structures. The 
incorporation of optical loss analysis into the carrier transport model provides a 
complete formulation for the calculation of threshold current density. Reasonably 
low threshold currents of 1-5 kA /cm 2 are achievable for room-temperature lasing 
at wavelength of 60 /J ,m . Significantly higher threshold currents are required for 
lasing at 10 /xm wavelength.
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C hapter 1 
G eneral Introduction
Since its invention in 1962, the semiconductor laser has attracted considerable 
research and development effort, resulting in its emergence as an important com­
ponent in optoelectronic systems. Because “conventional” semiconductor lasers 
rely on stimulated interband electron-hole recombination to provide the optical 
gain, the emission spectra of semiconductor lasers are limited to frequencies cor­
responding to the semiconductor bandgap energy. W ith advances in material 
processing and epitaxial growth techniques, a variety of semiconductor m ateri­
als have been found and demonstrated to exhibit interband lasing action with 
emission wavelengths covering the optical spectrum from the visible to the near- 
infrared. The development of GaAs semiconductor lasers emitting in the near- 
infrared wavelength region of 0.8-0.9 fim  during the 1970s led to their deployment 
in the first generation of optical fiber communication systems. However, long- 
wavelength InGaAsP semiconductor lasers emitting in the wavelength range of 
1.1-1.6 fim  are currently of particular interest for long-haul optical fiber communi­
cations. This is due to the availability of low-loss dispersion-free fibers at 1.3 ^m, 
and ultra-low-loss fibers at 1.55 fim  wavelength. Considerable efforts continue to 
develop further the performance characteristics of semiconductor lasers for spe­
cialized applications. Recently, in view of the enormous potential applications
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in such diverse fields as medicine, free-space communications and spectroscopy, 
some effort has been devoted to extending the emission spectrum of semiconduc­
tor lasers to the far-infrared wavelength regime. Particular attention is focused 
on developing far-infrared semiconductor lasers based on intersubband transitions 
in multiple quantum well (MQW) structures fabricated using the III—V material 
systems, such as GaAs and InGaAs, because of their well-developed technologies.
The operation and overall performance of optoelectronic systems are criti­
cally dependent on the spectral properties of the semiconductor laser source. 
Semiconductor media are optical materials of significant nonlinearity. Undesir­
able spectral effects, such as multi-longitudinal mode operation, frequency chirp­
ing (frequency spread of the single dominant lasing mode), and mode-hopping 
(spontaneous change of dominant lasing mode), may arise because of gain and 
refractive index nonlinearities in semiconductor lasers, and can severely degrade 
the system performance. In optical fiber communications, for example, frequency 
chirping and spectral broadening (multi-longitudinal-mode lasing) effects place a 
severe penalty on the optical signal bit-rate achievable in long-haul transmission 
because of fiber dispersion. Therefore, the study of the spectral properties of 
semiconductor lasers is of fundamental importance both for improving the de­
vice performance and for the understanding of the nonlinear physical processes 
in semicondctor media.
On the other hand, nonlinearity-induced spectral properties of semiconduc­
tor lasers have recently attracted considerable interest for device applications 
in view of the possibility of realizing optical functional devices based on nonlin­
ear operations of semiconductor lasers. Chinn and Swanson have studied self­
induced frequency-modulation (FM) spectral characteristics in Fabry-Perot (FP) 
laser diodes and have demonstrated optical short pulse generation at high repet­
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itive rates (up to 233 GHz) by converting the self-induced FM oscillation to 
amplitude modulation (AM) pulses [1]. The generation of new spectral compo­
nents via external optical injection induced four-wave mixing (FWM) nonlinear­
ities in FP semiconductor lasers has been extensively studied (see, for example, 
Refs. [2, 3]) and exploited in nonlinear operations such as optical phase conju­
gation [4] and all-optical frequency conversion [5]. Furthermore, electronically 
frequency-tunable FP semiconductor lasers, generally known as frequency-agile 
optical sources, which are expected to be key components in future coherent com­
munication systems, have been demonstrated [6]. The above discussion clearly 
shows that different aspects of the spectral properties of semiconductor lasers can 
be utilized for realizing a multitude of applications.
In this thesis, the study of the spectral properties of semiconductor lasers is 
divided into four main areas, namely self-locking FM laser operation, nearly de­
generate four-wave mixing (NDFWM), optical frequency conversion and tuning, 
and far-infrared intersubband lasing. These aspects of the spectral properties of 
semiconductor lasers are briefly introduced in the following and the organisation 
of the thesis is outlined.
1.1 Self-Locking FM  Laser Operation
Long-wavelength (typically 1.3-1.55 pm) InGaAsP index-guided FP semiconduc­
tor lasers are usually observed to operate in multi-longitudinal mode at moder­
ately high injection currents above threshold. Tiemeijer et al. [7] were the first to 
propose that the multi-longitudinal mode spectra are actually frequency compo­
nents of a self-induced FM supermode. This phenomenon is known as self-locking 
FM  laser operation, which was originally observed in gas lasers.
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In this thesis, a theoretical model originally developed for gas lasers by Lamb
[8] is adapted to account for the properties of semiconductor lasers and is used to 
analyse the multi-longitudinal mode spectral behaviours of semiconductor lasers. 
In chapter 2, a three-mode laser model based on the Lamb semiclassical laser 
theory is developed [9]. The three-mode semiconductor laser rate equations are 
then numerically integrated to determine the conditions under which self-locking 
FM operation occurs in the presence of multiwave mixing and gain saturation 
nonlinearities. Output powers in the self-locked state are computed and compared 
with available experimental results. Nonlinear gain diagnostics is carried out to 
establish the role of nonlinearities of the medium in effecting self-locking FM 
spectral behaviours.
The three-mode semiconductor laser model is generalized in chapter 3 to in­
clude five, seven and nine modes in the description of self-locking FM operation 
in semiconductor lasers [10]. In particular, FM modulation index is computed 
in the five-mode self-locked state and comparison is made with experimentally 
determined values.
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The effects of external optical-signal injection on the spectral characteristics of 
semiconductor lasers are studied in chapter 4. When the frequency of the exter­
nally injected “probe” signal is slightly detuned from that of the lasing “pump” 
signal, an additional spectral component, the “conjugate signal”, is generated. 
The process through which the conjugate signal is generated is referred to as 
nearly degenerate four-wave mixing (NDFWM).
A travelling-wave model of cavity-enhanced NDFWM in FP laser diodes with
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nonuniform longitudinal gain distribution is described in chapter 4 [11]. Probe 
and conjugate output characteristics are studied. Particular emphasis is given to 
the enhancement of conjugate signal generation in laser diodes with low and/or 
unequal (asymmetric) facet reflectivities.
1.3 Optical Frequency Conversion and Tuning
The nonlinearity-induced spectral characteristics of semiconductor lasers can be 
utilized constructively in device applications. This is illustrated in chapter 5 
where all-optical frequency conversion and wavelength tuning in two-section laser 
diodes are investigated.
An all-optical frequency converter is a nonlinear optical functional device 
whose role is to transform an incoming data signal at a given optical carrier 
frequenc}' into an output image signal at a different carrier frequency. All-optical 
frequency converters are expected to be key components in future optical coherent 
multicarrier transmission systems. In chapter 5, all-optical frequency conversion 
using NDFWM in two-section laser diodes is investigated using the FWM model 
developed in chapter 4. Enhanced uniform all-optical frequency conversion may 
be realized using NDFWM in two-section laser diodes [12].
In addition, the effects of carrier density variations on spectral shift in laser 
diodes are studied in chapter 5. The carrier-dependent spectral shift is utilized 
in wavelength tuning, which is important for the construction of wavelength- 
(or frequency-) agile laser sources. A travelling-wave formulation is presented in 
chapter 5 to investigate wavelength tuning characteristics, which takes into ac­
count the longitudinal variations of carrier density in the laser cavity. Enhance­
ment of wavelength tunability may be obtained in asymmetric-facet two-section
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FP laser diodes.
1.4 Infrared Intersubband Sem iconductor Lasers
The possibility of extending the emission spectra of semiconductor lasers to the 
mid- and far-infrared wavelength range using intersubband transitions in MQW 
structures was first proposed more than twenty years ago [13]. The principal 
challenges in obtaining lasing action in such an intersubband QW structure are 
difficulties in achieving intersubband population inversion and obtaining sufficient 
gain to overcome the high losses at infrared wavelengths.
In chapter 6, the issue of achieving intersubband population inversion in cou­
pled QW structures is addressed. A carrier transport model incorporating the rel­
evant physical mechanisms of resonant tunnelling and intersubband absorption- 
emission processes is described [14]. Based on this carrier transport model, the 
injection current densities needed for the achievement of intersubband population 
inversion at the emission wavelengths of 10 fim  and 60 fim  are calculated.
The prescription of lasing conditions in the coupled QW laser structures is 
described in chapter 7. In this respect, optical loss analysis is carried out which 
takes into account the configuration of the coupled QW laser devices. The in­
corporation of optical loss analysis into the carrier transport model described in 
chapter 6 provides a complete formulation [15] to calculate the lasing threshold 
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C hapter 2
T heory o f Self-Locking FM  
Laser O peration
2.1 Introduction
The use of amplitude modulation (AM) and phase or frequency modulation (FM) 
to achieve mode-locking is very well known in several laser systems [1]. Partic­
ular emphasis has been given to developing active and passive A M  mode-locking 
techniques with a view to the production of ultra-short (picosecond and subpi­
cosecond) repetitive optical pulses. For semiconductor lasers, active AM mode- 
locking is effected by directly modulating the injection current, and thus the gain, 
at a frequency equal to the frequency spacing between the longitudinal modes
[2]. The gain modulation causes the longitudinal modes to interact with one an­
other, thereby locking them in phase. In passive AM mode-locking, a saturable 
absorber is placed in the laser cavity to achieve the same effect. Since the typical 
length of a semiconductor laser is about 300 pm  corresponding to an intermodal 
frequency spacing of over 100 GHz, it is very difficult to modulate the gain of 
the laser, either actively or passively, at these frequencies. Hence almost all AM 
mode-locking configurations of semiconductor lasers used an external cavity to 
reduce the intermodal frequency spacing to below a few gigahertz.
2.1 Introduction 10
On the other hand, rather less effort has been given over to the study and 
application of FM mode-locking properties of lasers. FM mode-locking of lasers 
is typically effected through the use of an intracavity phase perturbative element 
(intracavity phase modulator), which allows the path length of the optical res­
onator to be modulated. FM mode-locking of lasers may be used for optical short 
pulse generation if the intracavity phase modulator is driven at the intermodal 
spacing frequency. However, when the intracavity phase modulator is driven at 
a modulation frequency close to, but not exactly equal to, the intermodal fre­
quency spacing, a pronounced increase in the FM modulation depth is realized. 
This phenomenon was first reported in gas lasers by Harris and Targ [3], which is 
now widely known as “FM  laser oscillation” or aFM  laser operation? . The clas­
sical theory of FM laser oscillation [4] shows that the signal envelope of an FM 
laser oscillation is constant, but a periodic change of frequency is swept across 
the signal.
For semiconductor lasers, in particular, the possibilities of achieving FM lock­
ing have received relatively little attention. Although Saito et al. [5] reported 
FM laser operation in an external cavity semiconductor laser some time ago, 
there has not been a sustained attem pt to explore this topic using semiconductor 
lasers. Lately, however, a number of workers have begun to address important 
issues related to the FM locking phenomenon in semiconductor lasers. Recent 
interest in FM locking properties of semiconductor lasers arises because of the 
possibility of using frequency modulation in optical fibre communications, and 
the possible utilization of FM laser diodes as sources in sensors and in optical 
radar. The relationship between FM laser operation and threshold of instabil­
ity in directly modulated single-carrier external-cavity semiconductor lasers has 
been investigated by Schremer and coworkers [6]. Schremer and Tang [7] have 
also studied FM locking properties in external cavity AlGaAs laser diodes and
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have shown a phase reversal effect in this configuration. Bosl and coworkers have 
demonstrated the generation of stable active FM mode-locked optical pulses with 
a repetition rates of up to 7.7 G bit/s using an intracavity phase modulator in 
AlGaAs laser diodes [8]. Nietzke et al. [9] have studied the generation of near- 
FM oscillation sidebands by external optical injection cascade four-wave mixing. 
Furthermore, optical pulse generation using FM mode-locking in an extended- 
cavity semiconductor laser containing a tunable distributed Bragg reflector gain 
medium operating near 1.5 fim  has been reported by Nagar et al. [10].
In this chapter, it is shown that nonlinear optical properties intrinsic to semi­
conductor lasers may, in contrast, give rise to self-locking FM behaviour in semi­
conductor lasers. It is emphasised that the FM locking phenomenon studied here 
arises because of the intrinsic properties of nonlinear multimode interactions in 
the solitary semiconductor laser (ie., without external cavity), and does not result 
from any external modulation (of either the amplitude or the frequency) of the 
semiconductor laser.
In section 2, fundamental concepts of mode-locking are discussed. Particular 
emphasis is given to differentiating FM laser operation from other forms of beat 
frequency locking phenomenon. In section 3, the experimental basis of self-locking 
FM operation in semiconductor lasers is reviewed. A formalism is developed
[11] in section 4 based on Lamb’s semiclassical laser theory [12] to model three­
mode operation in semiconductor lasers. The characteristics of self-locking FM 
operation are theoretically studied in section 5. Nonlinear gain diagnostics is 
carried out in section 6 based on the concept of three-mode self-locking FM 
operation in laser diodes in order to map out regions in the nonlinear coefficient 
parameter-space where self-locking phenomenon is expected to occur. Finally, 
conclusions are drawn in section 7.
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2.2 M ode-Locking o f Sem iconductor Lasers
In the literature, mode-locking of lasers is almost synonymous with the generation 
of optical pulses at a repetitive frequency equal to the frequency spacing between 
longitudinal modes. In this thesis, however, the term  mode-locking is used in the 
more general sense to refer to the locking of beat frequencies between adjacent 
longitudinal modes. The beat frequency locking results in fixed (time invariant) 
phase relations between the modes. Mode-locked lasers produce optical signals 
which are periodically modulated including repetitive short pulses and frequency- 
swept (FM operation) signals, depending on the exact phase relations of the 
mode-locked longitudinal modes.
In multi-longitudinal mode free-running lasers, the phases <f>n{t) of the oscil­
lating modes vary randomly with time. The field E  can be written as
=  ]C  ^  exp{*[u;n* +  <£n(*)]} » C2*1)
n
where En is the amplitude coefficient and u n is the oscillation frequency of the ra­
th  mode, which is not necessarily equal to the passive cavity frequency ftn because 
of dispersion of the active medium. The beat frequencies between adjacent modes 
are not generally equal to one another.
In mode-locked lasers, on the other hand, some mechanism exists (either ac­
tively or passively applied or intrinsic to the lasers) which couples the beat fre­
quencies between the modes. As a result, modes which were otherwise nearly 
equally spaced become exactly equally spaced in frequency. In this case,
L0n = LJq + (n -  q)u , (2.2)
where ra and q are integers and lj is the locked beat frequency between adjacent
longitudinal modes. Furthermore, the phases become fixed (time independent)
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in mode-locking. The field is then given by
exp{z[(u;o +  nu) t +  <f>n ] }  , (2-3)
n
where u q  is taken as the central mode.
It can be shown that E (t)  is periodic with a period T  =  2ir/w, ie.,
E (t + T) = ^ 2 E n exp{z[(a;o +  n u)(t +  — ) +  <£n]}U)n
f i ) n
= Y ^ E n exp{2’[(o;o +  nu) t -f <j>n]} exp{2'[27r( h n)]}
n w
=  m , (2.4)
because (a>q / u )  is an integer from Eq. (2.2).
It is thus shown that for a set of longitudinal modes in which the modes are 
exactly equally spaced in frequency, regardless of their relative amplitudes and 
phases, the output signal will be periodic in time, with a fundamental period 
equal to the inverse of the intermodal frequency spacing.
2.2.1 M ode-Locked Short P u lse G eneration
If all the equally spaced longitudinal modes have the same phase, regardless of 
their amplitudes, periodic short pulse output will be obtained. To simplify the 
analysis, it is assumed that there are N  oscillating modes with equal amplitude 
E q and equal phase (j>. The field equation becomes
E (t) = E q exp[i(uot +  <ft)1 y^exp(z nut)
n
^ iw sm( N u t/2 )  /rk
=  Eo exp[t(w0< +  <f>)] . (2.5)sin(o;£ j  Zj
The average laser output power is proportional to \E(t)\2, and in this case is 
given by
2.2 M ode-Locking of Sem iconductor Lasers 14
The output power waveform of a nine-mode mode-locked short-pulse laser is 
shown in Fig. 2.1. The power is emitted in the form of a train of pulses with 
period T  = ‘lir/w , and pulse width r  =  T /N . Extensive research effort has been 
given to developing various mode-locking techniques with a view to the produc­
tion of compact, reliable optical sources of short pulses for electro-optic sampling 
systems, soliton transmission systems, and high bit-rate telecommunications ap­
plications.
2.2.2 FM  Laser O scillation
On the other hand, mode-locking can also result in an output signal in which the 
signal envelope is constant, but a periodic change of frequency is swept across the 
signal. This is referred to as FM  laser operation. In FM operation, each of the 
previously free-running longitudinal modes is modulated (either actively by using 
an intracavity phase modulator or spontaneously by mechanisms intrinsic to the 
laser diode), so that sidebands are generated at frequencies which nearly coincide 
with other lasing modes. Each of the longitudinal mode regards itself as the 
carrier of an FM signal and others as its FM sidebands. The resulting multiple 
FM oscillations then compete with each other for the carrier population. Under 
appropriate conditions, the strongest FM carrier is able to quench all other, thus 
establishing a single FM laser supermode signal.
In pure FM operation, the field of the FM supermode has a constant amplitude 
E q and is of the form
E{t) =  Eq cos(cjo^ +  P cos u t)  , (2-7)
where (3 is the FM modulation index, to is the beat frequency between adjacent 
modes, and u 0 is the frequency of the dominant mode, taken as the central mode.
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Figure 2.1: Nine-mode short pulse generation by mode-locking in a semiconductor 
laser.
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Figure 2.2: Nine-mode FM laser oscillation in a semiconductor laser.
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The relative amplitudes of the cavity modes are defined by the Bessel functions:
E (t) = E0 ^ 2  cos [(-o +  nw) t -  |n |^  . (2 .8 )
Fig. 2.2 shows the time waveform for an FM operation signal involving nine 
longitudinal modes.
2.3 Experimented Basis o f Self-Locking FM  Op­
eration
The motivation for the present theoretical treatment is the experimental work 
of Tiemeijer et al. who first demonstrated self-induced (passive) FM locking in 
multi-longitudinal-mode Fabry-Perot (FP) InGaAsP laser diodes [13]. In this 
section, the evolution of the longitudinal mode spectrum towards self-locking 
FM oscillation with increasing current pumping, as observed by Tiemeijer, is 
discussed. The approach by Tiemeijer to verify the observation of self-locking 
FM oscillation is outlined. Other recent reports on the observation of self-locking 
FM oscillation are cited.
2.3.1 Longitudinal M ode Spectra o f Laser D iodes
Fig. 2.3 shows a typical CW light versus current curve recorded at room tem ­
perature for an InGaAsP FP laser diode, together with a few longitudinal mode 
spectra at different output powers (from Ref. [13]).
In semiconductor lasers, a large spontaneous emission exists because of high 
injected carrier density and a wide gain-spectrum bandwidth arising from inter­
band transitions. The large spontaneous emission can be considered as a noise 
source in the gain medium. The longitudinal modes can thus be considered as
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Figure 2.3: Typical CW power versus injection current curve for an InGaAsP 
laser (from Ref. [13]). Inset axe longitudinal mode spectra recorded at (a) 0.5 
mW: amplified spontaneous emission, (b) 1.5 mW: near single-mode operation, 
(c) 7 mW: self-locking FM oscillation with /? =  2.4, and (d) 15 mW: self-locking 
FM oscillation with /? =  3.9.
selectively amplified spontaneous emission at frequencies for which the cavity res­
onant conditions are satisfied. Therefore, at injection current levels neax lasing 
threshold, the output spectrum (a) of the laser diode consists of a broad-band 
amplified spontaneous emission as shown in Fig. 2.3.
The evolution towaxds near single longitudinal mode operation with increasing 
injection current is observed in the FP laser diode (spectrum (b)). This observa­
tion is consistent with the classical theory of amplified spontaneous emission with 
a linear gain. In this theory, the gain saturates at a value slightly below the loss 
because of a finite continuous input of spontaneous emission noise in the laser 
oscillator. This saturation of the spectral gain implies that the quasi-Fermi level 
separation is locked, and hence the side-mode amplitudes remain saturated with 
excess excitation going into stimulated emission of the dominant mode (which is 
usually the mode nearest to the peak of the gain spectrum).
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At injection current levels well above threshold, the near single mode spectral 
envelope begins to rebroaden and multi-longitudinal mode operation is observed, 
as shown in spectra (c) and (d) in Fig. 2.3. The multimode behaviours of FP 
laser diodes at high injection currents cannot be explained using the simple linear 
gain model. Various nonlinear gain models (see Refs. [14, 15] for recent reviews) 
have been proposed to explain the observed multimode characteristics of FP 
laser diodes [16]—[18]. Particular attention has been focused on elucidating the 
nonlinear mechanisms that give rise to the observed multimode behaviours [19]—
[2 2 ] (and references therein). In contrast, rather less effort has been given to 
the study of the spectral characteristics of the multimode oscillation, and no 
systematic analysis describing the multimode spectrum of a semiconductor laser 
has yet been presented. Specifically, it is of considerable interest to ascertain 
whether the multi-longitudinal modes are lasing independently (free running) or 
whether specific frequency or phase relations exist between the modes, indicating 
frequency-locked operation.
2.3.2 E xperim ental Verification o f Self-Locking FM  Op­
eration
Tiemeijer proposed that the multimode spectra (c) and (d) (Fig. 2.3) observed at 
high injection currents represent sidebands of self-locked FM laser oscillation. The 
Tiemeijer approach was to measure the fundamental and the second harmonic 
(SH) spectra of the laser diodes at high injection current levels. Then using 
the measured fundamental multimode spectrum, calculation was made of the SH 
spectrum expected in the cases of
(i) free-running,
(ii) mode-partitioned behaviour, and
2.3 Experim ental Basis o f Self-Locking FM  O peration 19
(iii) FM laser oscillation behaviour.
Comparison was then made between the measured SH spectrum and the calcu­
lated SH spectra of the above mentioned cases. On this basis, it was concluded 
that FM operation was indeed occurring in the devices.
Self-locking FM operation in strained quantum well (QW) InGaAs ridge- 
waveguide lasers operating at 980 nm wavelength was recently reported by Chinn 
and coworkers [23]. Chinn reached the conclusion that FM self-locking was oc­
curring in their devices based on the general agreement between the calculated 
FM-locked SH spectrum and the measured SH spectrum. Moreover, Chinn and 
Swanson have used optical fibre dispersion to convert the coherent self-locking 
FM oscillation output to a AM pulse train at multiples of the laser round-trip 
frequency [24]. This latter work produced AM optical pulses at repetitive fre­
quencies of up to 233 GHz from a single self-induced FM-locked laser diode with 
no external modulation, and demonstrated that self-locking FM operation is of 
considerable interest both for device applications and for the understanding of 
the physical mechanisms that give rise to this phenomenon.
By measuring the beat spectra between adjacent longitudinal modes of long- 
cavity (2500 (im) InGaAs single QW lasers, Sharfin et al. have observed a dra­
matic narrowing of the beat spectrum between the dominant and adjacent modes 
at high output powers [25]. The narrowing of the beat spectrum was accompa­
nied by a transition from nearly single-mode behaviour to a highly structured, 
multi-mode spectrum. Sharfin attributed these observations as self-induced beat- 
frequency locking, and interpreted the results in terms of three-mode coupling 
interactions involving self-induced FM laser oscillation and AM effects at the beat 
frequency between two neigbouring modes.
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Although some analysis of self-locking behaviour has been carried out by 
Tiemeijer et al. [13] to explain their experimental results, the analysis was pred­
icated on the assumption that an FM-locked state had been attained. The ob­
jective of the present work is to show, via an integration of multimode laser rate 
equations, that the occurrence of self-locking FM operation in semiconductor 
lasers may indeed be attributed to nonlinear mechanisms intrinsic to these de­
vices. In particular, it is demonstrated that the strength of nonlinearity required 
to obtain self-locking FM operation is in accordance with values of gain satura­
tion and multiwave mixing coefficients typically encountered in long-wavelength 
semiconductor lasers.
2.4 Formalism
Intrinsic FM locking was examined in gas lasers many years ago [4, 26] and 
theoretical analysis was performed in that context based on Lamb’s semiclassica! 
laser theory [12]. An important conclusion from these earlier work is that the 
inclusion of three cavity modes is adequate to establish the criteria for mode- 
locking [27]. In the present analysis, the three-mode Lamb model is adapted to 
account for the properties of semiconductor lasers.
In multi-longitudinal mode lasers, the electric field can be written as
=  ^ 2 E n(t)exp{-i[i/nt +  <t>n(t)]} , (2.9)
n
where the amplitude coefficient En(t) and phase <t>n{t) vary little in an optical 
frequency period, and (i/n +  <j)n) is the oscillation frequency of the rc-th mode. 
In general this oscillation frequency is not necessarily equal to the passive cavity 
frequency Qn because of dispersion of the active medium. Three modes are 
considered in the present analysis and it is assumed that mode 2  is nearest to the
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gain peak.
2.4.1 Sem iclassical Laser Equations
The amplitude- and frequency-determining equations given by Lamb [12] in the 
case of three modes are
E \  =  E i  — 53 Oim E ^  — E 2E 3 { l2 3  cos ^  +  f23 sin \P), (2.10)
E 2 =  E 2 ^a2 -  53 ^2m E ^ j  -  ^ 1^ 2^ 3(7713 cos -  £13 sin ) , (2.11)
E 3 =  E 3 ^ a 3 -  53 03m E ^ j  -  E l E i ( r ) 2i cos +  f2i sin # ) , (2.12)
3
iq +  4>\ =  fil +  01 +  XI T^ E m -  (# 2£ 3/ ^ 1)(*723 sin -  f23 cos $ ) , (2.13)
m=l
3
V2 +  $2  =  ^2 +  02 +  53 T-im E ^  +  E i E 3( t)i 3 sin +  1^3 COS \P) , (2-14)
m=l
3
V3 +  </>3 =  ^3 +  CT3 +  53 T3nj^m “  ( E j E x / E 3) ( i ] 2i  sin -  f2i cos $ ) , (2.15)
m=l
where E n and <j>n represent time rate of change of the mode amplitude and the 
phase, respectively, and
a m is the linear net (amplitude) gain (see Eq. (2.27) for its relation to conven­
tional semiconductor laser gain),
0 nm is the self/cross saturation coefficient describing the effect of gain suppres­
sion on mode n because of the presence of mode m,
r)nm and £nm arise because of multiwave mixing and describe the phase depen­
dent coupling between modes, produced by combination tones in the active 
medium,
crm is the power independent pulling coefficient arising from the dispersive nature 
of the active medium,
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rnm is the self/cross pushing coefficient which takes into account the power
dependent ‘mode repulsion’ effects between the various modes, and
is the relative phase angle defined as
^ ( 0  =  (2^2 — v\ — Vz) t +  2(f>2 — <f>i — <f>3 • (2.16)
Differentiating Eq. (2.16) with respect to time, the equation of motion for is 
obtained as
$  =  2 (1/2 +  ^ 2 ) ~  ( ^ 1  +  4>i) ~  ( ^ 3  +  3 ) ,  (2*17)
Substituting the frequency-determining equations (2.13)-(2.15) into Eq. (2.17), 
we obtain
#  =  S  +  A  sin -f B  cos ^  , (2.18)
where
S  =  2(72 — &1 — +  E \(2 t2\ — Tn — T3 1 ) -f
E l( 2 r22 — T1 2  — T3 2 ) +  E\(2t23 — T13 — T3 3 ) , (2.19)
A  =  2E\ Ezrjiz +  (E ^E zf E{)ri23 +  (E \E \ j£ 3 ) 7721 , (2.20)
B  =  2E\E^ii3 — (E \E z!^ 1 ) 6 2 3  — (E \E \/ E^)^2i • (2.21)
Hence it is seen that the frequency- and the amplitude-determining equations do 
not depend on the phases individually, but on the combination as the relative 
phase angle.
Eqs. (2.10)-(2.12) and (2.18) are the four basic working equations in this 
analysis. These simultaneous differential equations are solved numerically (using 
the Kutta-Merson method of integration within a standard library routine) to 
obtain the mode amplitudes and the relative phase angle.
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2.4.2 E stim ation o f Param eter Values
The amplitude- and frequency-determining equations introduced above were orig­
inally developed for gas lasers [27]. As such it is necessary to identify the semicon­
ductor laser analogues of the various terms contributing to the nonlinear dynam­
ics. It is apparent that the coupled mode equations used to analyze multimode 
semiconductor laser operation are very similar to the equations given above. It 
is straight forward then to obtain the corresponding values of the self/cross sat­
uration coefficients from typical semiconductor parameter values.
Consider the amplitude-determining equation (2.10):
1 3
En — Ena n 1  Ea nn m —1
+ .......
Letting
h  = E l ,
and differentiating with respect to time, we obtain
It follows from Eq. (2.22) that 
I n  ~  % & n ln
/„ =  2EnEn .
1 -  —  E  6nmh





This equation is compared with the coupled-mode photon density equations for 
multimode lasers [19] given by
P n =  Vgg%Pn
TO = 1
T R s p  5 (2.26)
where {3nm is the self/cross saturation coefficient (in unit of cm3), vg = c /ng is 
the group velocity, c is the velocity of light in vacuum, ng is the group index, 
is the linear gain coefficient of mode n (per-unit length), 7  is the cavity loss 
(inverse time), and R sp is the spontaneous emission coefficient.
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Comparing Eqs. (2.25) and (2.26), it is noted that the photon density P  (in­
verse volume) is given by Pn =  In = E*. Here the field amplitude E n has been
normalized to include the factor yj2 eonrng/(hi'o) so that 52 giyes the total
photon density, where e0  is the permittivity of free space, nr is the refractive 
index, h is the Planck’s constant divided by 27r, and i/q is the reference frequency. 
It follows that
Qn =  vggZ/ 2 , (2.27)
Onm =  a n(3nm • (2.28)
Using parameter values appropriate to InGaAsP laser diodes operating at 1.55 
/im [19]: ng =  4, /? «  6.7 x 10~ 1 7  cm3, gL = 60 cm-1, it is found that 
a n — 2.25 x 1011 s- 1  and 
Onm =  1.51 x 10_s cm3  s' 1 .
The values of other parameters such as rnm, r/nm and £nm are assumed to have 
the same order of magnitudes as 6 nm. The power independent pulling coefficient 
is assumed to be of the order of the inverse of the cavity round trip time, <rn «  
1 . 0  x 1012 s"1. W ith these values, the amplitude- and frequency-determining 
equations are adapted to model semiconductor laser multimode operation and 
then may be solved numerically.
2.5 Self-Locking FM  Laser Operation
As explained by Sayers and Allen [26], to determine the conditions under which 
locking occurs it is necessary to integrate the field amplitude and phase rate 
equations allowing the relative phase angle to become either constant (self beat- 
frequency locked state) or monotonically increasing with time (unlocked state). 
For the present work, it is shown that for nonlinear gain parameters appropriate
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to long-wavelength semiconductor lasers, a self-locked state may be obtained in 
this way.
From the preceding section, it was estimated that all the nonlinear coupling 
parameters required for the present analysis are of the order 10- 5  cm3 s-1 . Then, 
for example, using the value 1.5 x 10~ 5 cm3 s- 1  for all the nonlinear coupling 
coefficients, it was found that the three-mode semiconductor laser evolved to a 
self-locking state. The dynamical behaviours of the field amplitudes and relative 
phase angle are shown in Figs. 2.4(a) and 2.4(b), respectively.
It must be stressed that this is a highly nontrivial result. It has been demon­
strated here that gain nonlinearities typical of InGaAsP lasers axe indeed sufficient 
to cause self-locking to occur in multimode devices.
Fig. 2.5 illustrates the time development of the mode amplitudes and relative 
phase angle when self-locking does not occur. It is observed from Fig. 2.5(b) that 
in an unlocked state the relative phase angle increases monotonically with time. 
In this case, side-mode suppression arising from a large nonlinear gain is evident, 
and leads to a near single-mode operation of the semiconductor laser.
2.5.1 O utput Power in Self-Locked State
To make comparison with experimental observations of self-locking FM operation, 
it is necessary to calculate the output power of the laser in the self-locked state. 
It is possible to relate the output power per-facet P out to the photon density in 
the laser cavity P  by way of the relationship [28]
P ou t = \  Kp0 v „ j  In V P  (2.29)
where L  is the laser cavity length, R  is the power facet reflectivity and V  is the 
laser active region volume. Considering InGaAsP laser diodes operating at 1.55
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Figure 2.4: Time evolution of (a) mode amplitudes and (b) relative phase an­
gle in a self-locked state. The normalized field amplitude is in units of cm - 3 / 2 
throughout the analysis. Gain saturation nonlinearities are of the order of 1.5 x 
1 0 - 5  cm3 s_ 1  in a self-locked state.
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Figure 2.5: Time evolution of (a) mode amplitudes and (b) relative phase angle 
when self-locked state is not achieved. Gain saturation nonlinearities are in the 
order of 1 0  x 1 0 ~ 5 cm3 s_ 1  in this case.
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fim  and taking typical values: R  =  0.32 and V  =  0.15 x 1.5 x 250 fim, 
it is found that the output power per-facet can be written as
P ^ t  =  1.23 x M r15/* , (2.30)
where P  is the photon density in cm - 3  and Pout is in mW.
For the self-locked state shown in Fig. 2.4, it is found that the laser output 
power per-facet is about 12.2 mW. This estimate is in excellent agreement with 
the experimental results reported by Tiemeijer et al. [13], where FM operation 
was observed at output powers in the range of 5 mW to 15 mW.
In contrast, using parameters appropriate to GaAs lasers, where the nonlinear 
self saturation coefficent is about one order of magnitude smaller than that of 
InGaAsP lasers (see for example Ref. [15]), the present calculation predicts that 
self-locking may only be achieved at output powers of the order of 200 mW to 
300 mW. Hence these effects would not be anticipated in GaAs lasers under 
normal operating conditions. This result is again well supported by experimental 
evidence that GaAs lasers operating at 0.8 //m have not shown any self-locking 
FM behaviour [13, 24].
It should be noted that the self-locked state (Fig. 2.4) and the unlocked state 
(Fig. 2.5) both represent stable states of the three-mode laser operation [27]. 
However, under certain conditions (as discussed in Ref. [27]), the laser enters an 
unstable regime whereby the relative phase angle increases with time and the 
mode amplitudes oscillate in time. This situation is depicted in Fig. 2.6. The 
unstable state may be obtained if mode 1 or mode 3 is tuned towards the gain 
peak. Because of the asymmetric nature of the mode interactions, the linear 
pulling (as characterized by crn) and the nonlinear pushing (rnm) mechanisms 
give rise to unbalanced dispersion effects in the mode coupling dynamics, thereby 
resulting in unstable operation of the laser. It is therefore noted from Fig. 2.6(a)
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Figure 2.6: Time evolution of mode amplitudes and relative phase angle in an 
unstable state of the three-mode laser operation. The mode amplitude E 3  has a 
similar oscillatory nature as E 2 , and has been omitted in the figure for clarity.
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that E\ becomes the dominant mode in the unstable state of the three-mode laser 
operation.
2.5.2 N ature o f th e  Self-Locking FM  Laser O peration
The above consideration of the output power in the self-locked state provides 
strong support for the assertion that gain nonlinearities account for the observa­
tions of Tiemeijer et al. [13]. Qualitative interpretation of the results obtained 
for a three-mode self-locked state, as illustrated in Fig. 2.4, is discussed in the 
following in order to gain an insight into the nature of the self-locking FM laser 
operation. It is also important to consider the phase information obtained from 
the simulations described above. In particular, the purity or otherwise of the FM 
operation may be assessed from the calculated value of the relative phase angle.
Since ^  is constant (time-independent) in a self-locked state, it follows from 
Eq. (2.16) that
2i/ 2 — — ^ 3  =  0 , (2.31)
-  <f>i ~  fa  =  *  • (2.32)
Physically, Eq. (2.31) can be interpreted as follows: The beating between fre­
quencies V2 and v\ modulates the carrier population in the semiconductor laser 
at the difference frequency j/ 2 — The carrier modulation (called the population 
pulsations) creates both dynamic gain and index gratings [29], which, in turn,
interact with mode 2  to give the tone
2 i/2 — v\ =  v3 , (2 .33)
which is very nearly equal to i/ 3  and contributes in third-order to the complex 
polarization for mode 3. The process through which tones such as u'3 (called com­
bination tones in semiclassical laser theory) are generated is known as Umultiwave
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mixing”. The existence of the combination tone vz tempts mode 3 to oscillate 
at frequency 1/3 . In the presence of gain nonlinearities, beat-frequency locking 
occurs so that
vz = v'z — 2 v2 — v\ . (2.34)
This condition can be written as
v2 - v \  = vz - v 2 , (2.35)
that is, the beat notes between adjacent modes are equal.
Analysis of three-mode laser operation based on Lamb’s semiclassical theory
[27] shows that stable self-locked state is achieved when $  =  0 or ^  =  x. The
value =  0 implies, from Eq. (2.32), that
<j>2 — <t>i =  </>z — <t>2 • (2.36)
Since one phase angle is arbitrary and another one is determined by the choice 
of time origin [27], it can be chosen here that (j>\ =  (j>2, so that
<t>i = <t>2 =  <t>3 , (2.37)
that is, all the phases have the same value. This situation is referred to as AM
locking and is the same as the case of mode-locked short pulse generation as
discussed in Sec. 2.2.1. The second value =  ir leads to the phase relation
<^1 =  ^ 2  =  A- +  <t>3 ? (2.38)
which is termed ‘FM locking’, similar to the case as discussed in Sec. 2.2.2.
In the three-mode self-locking calculations described in this chapter, $  is found 
to lie in the range of 3 to 4 radians. For example, in the case shown in Fig. 2.4,
the value of ^  is 3.312. In order to compare the nature of the three-mode self­
locking operation with both mode-locked pulsing operation (see Fig. 2.1) and
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Figure 2.7: O utput waveform of three-mode self-locking FM laser operation of 
semiconductor lasers.
pure FM laser oscillation (Fig. 2.2), the output waveform of the self-locked laser 
corresponding to the case in Fig. 2.4 is shown in Fig. 2.7. It is observed from 
Fig. 2.7 that periodic variation in the signal power envelope is present, with a 
period T  equal to the inverse of the intermodal frequency spacing, and is given by 
T  =  2 n r L / c  «  5.8 ps. However, sharp pulsing associated with mode-locked AM 
operation is not evident. From the calculated value of the relative phase angle 
$  and the output waveform of the three-mode self-locked laser, it is clear that 
AM locking does not occur here, but also it is apparent that pure FM locking 
is not predicted within the present formalism. However, since the simulations 
described here consider only three oscillating modes, it is clear that the full set of 
Bessel-function sidebands contained in Eq. (2.8) are not included in the present 
treatm ent. For this aspect, in particular, there is a need to generalize the analysis 
in this chapter to a multimode formalism. This extension to a multimode analysis
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is the subject of the next chapter.
2.6 Nonlinear Gain D iagnostics
In this section, the results obtained from an investigation of the parameter depen­
dence of three-mode self-locked operation axe presented and discussed. Within 
the acknowledged limitation of this model, it is sought to map out regions in 
the nonlinear coefficient parameter space where self-locking FM operation is ex­
pected to occur. It is suggested that this procedure may be useful as a means 
of calibrating nonlinear gain saturation in semiconductor lasers. A considerable 
effort has been directed at elucidating the mechanisms for gain nonlinearities in 
semiconductor lasers (see Refs. [14, 15] for reviews). In particular, the role of 
multiwave mixing processes has been emphasized recently [29]—[31]. It is argued, 
therefore, that the results given below may be used to give quantitative tests for 
theories of nonlinear gain in semiconductor lasers.
2.6.1 S elf and Cross Saturation Effects
The dependence of the mode amplitudes and the relative phase angle on the gain 
saturation coefficient, 0nm, is illustrated in Figs. 2.8(a) and 2 .8 (b), respectively. 
It is found that increasing the value of 0nm (other things being held constant) will 
decrease the amplitudes of the various modes, but will increase the steady-state 
value of the relative phase angle, in self-locking operation.
The reduction in mode amplitudes for increasing 0nm can be explained as 
follows. Consider the amplitude-determining equation for mode 1 as given by
E t = Ei [«i -  OnEl -  0i3El] -  0 iiE \  +  ... . (2.39)
In the absence of any interaction between the modes, the single mode equation
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Figure 2.8: Dependence of (a) normalized field amplitudes and (b) relative phase 
angle on gain saturation coefficient in the self-locked state. The normalized field 
is in units of cm-3/2 throughout the analysis.
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would be
Eh =  aEh -  ftJSf , (2.40)
where /?i =  0\\ is the self saturation coefficient for mode 1. Comparing these two 
equations, it is concluded that the effect of the interaction terms 612 and $1 3  is 
to reduce the effective gain of mode 1. or in Eq. (2.40) is effectively replaced by 
terms in brackets in Eq. (2.39). Hence, increasing 6 nm will decrease the effective 
gain of the various modes, resulting in reduced steady-state amplitudes.
It is also observed that the rate of decrease of amplitude with respect to 0nm is 
smallest in the central mode compared with the side-modes. For 0nm > 7.5 x 10-5 
cm3s_1, the amplitudes of the two side-modes reduce to zero rapidly leaving only 
mode 2 in oscillation, and self-locking ceases to occur. It is thus found that 
there is an upper limit to the value of 0 nm above which no-locking is observed. 
Because 0nm is inversely related to mode amplitudes and thus optical power, as 
discussed above, it is concluded that self-locking FM operation occurs only when 
the laser optical power exceeds a threshold value. In addition, increasing 0nm will 
increase the deviation of from the value n radians, as shown in Fig. 2.8(b). The 
resulting FM intensity waveform will be highly distorted because of the increase 
in the AM component in the self-locking FM optical wave.
Fig. 2.9 shows the output power (per-facet) versus gain saturation coefficient 
curve for the three-mode self-locking laser. From Fig. 2.9, it is found that the 
threshold output power (minimum power) for self-locking FM operation to occur 
is about 2 mW (corresponding to 0nm =  7.5 x 10“5 cm3s-1). This estimate of the 
self-locking threshold output power agrees excellently with experimental evidence 
from Ref. [13], in which the threshold internal power for the occurrence of self­
locking FM oscillation was extrapolated from experimental data to be 4 mW. 
Below the estimated self-locking threshold output power of 2 mW (right-hand
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Figure 2.9: Output power versus gain saturation coefficient curve for three-mode 
self-locked operation in a semiconductor laser.
limit of the curve in Fig. 2.9), the laser diode operates in single longitudinal 
mode, as shown in Fig. 2.8(a), in accordance with experimental observation (see 
Fig. 2.3).
Furthermore, the output power increases rapidly for 9nm <  1.0 x 10-5 cm3s-1. 
Because self-locking FM operation was observed in InGaAsP lasers at powers 
below 20 mW, it can be deduced from Fig. 2.9 that under normal operating 
conditions, the value of the gain saturation coefficient 0 nm is likely to be greater 
than 1.0 x 10-5 cm3s-1 (corresponding to (3 «  4.4 x 10-17 cm3 from Eq. (2.28)).
2.6.2 M ultiwave M ixing Effects
The parameter r)nm and fnm represent the general saturation terms (multiwave 
mixing coefficients), which take into account the phase-coupling “combination
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tones” interaction of the three-mode laser. Figs. 2.10(a) and 2.10(b) illustrate 
the dependence of the mode amplitudes and the relative phase angle upon the 
multiwave mixing coefficient rjnm, respectively. It is observed that the amplitudes 
of the side modes increase monotonically with rjnmj whereas the amplitude of 
the central mode decreases at first and then increases after passing through a 
minimum point. For values of Tfnm  > 2.5 x 10-5 cm3s_1, the output power is 
found to be greater than 20 mW and this output power increases exponentially 
for further increase in rjnrn. Since observation of self-locking FM oscillation in 
semiconductor lasers was reported for output powers below 20 mW, the value of 
multiwave mixing coefficient is estimated to be smaller than 2.5 x 10-5 cm3s_1 
under normal operating conditions.
From Fig. 2.10(a), it is also noted that the amplitudes of the side modes decay 
to zero for value of r)nm < 0.3 x 10~5 cm3s-1 , and that the laser diode goes into 
no-locking below this value of r}nm. This demonstrates that multi wave mixing 
processes are critical in effecting self-locking FM operation in laser diodes, and 
that multiwave mixing values in the range of 0.3 x 10-5 to 2.5 x 10-5 cm3s-1 may 
give rise to self-locking FM oscillation in semiconductor lasers in the presence of 
gain nonlinearities.
The parameter <rn and rnm describe the linear pulling and the nonlinear push­
ing effects of the three-mode laser interactions, respectively. It is found that 
self-locking operation is critically dependent upon the relative magnitudes of all 
the nonlinear gain and coupling coefficients, as will be discussed in the following 
paragraphs.
Because the mode amplitudes always settle to constant values in the stable 
operating regime (see Figs. 2.4 and 2.5), regardless of whether or not self-locking 
is achieved, the parameters S', A  and B  in the frequency-determining equation
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Figure 2.10: Dependence of (a) mode amplitudes and (b) relative phase angle 
on multiwave mixing coefficient for three-mode self-locking FM operation in a 
semiconductor laser.
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(2.18) can be taken as constants. Hence, the frequency-determining equation 
can be treated independently from the amplitude-determining equations (2 .1 0 )- 
(2.12). This is called the “decoupled approximation” [27]. Eq. (2.18) can be 
exDressed asj.
ijr =  s  + C sin(^ -  $o) , (2.41)
where
C = V A 2 +  B 2 , (2.42)
V 0 = - t a i T 1 (B /A ) .  (2.43)
From Eq. (2.41), two situations exist. If A 2 +  B 2 < 5 2, ^  is always positive 
and hence ^  is monotonically changing with time, and thus the modes are not 
locked. On the other hand, if A 2 + B 2 >  S'2, ^  =  0 in some instances. This implies 
that ^  is independent of time and thus, by definition, i/ 2 — iq =  1/3 — z/ 2 and the 
relative phase angle rapidly approaches a constant value, the actual value being 
dependent on S  and other parameters in the amplitude-determining equations. 
The modes are therefore locked in this latter situation. Hence, the necessary 
criterion for self-locking operation to occur is given by
A 2 + B 2 > S 2 . (2.44)
Since A  and B  (as given by Eqs. (2.20) and (2.21), respectively) are dependent 
upon 7jnm and £nm, whereas S  (given by Eq. (2.19)) is a function of crn and rnm, 
from Eq. (2.44), it is deduced that self-locking may be achieved if the values of 
7]nm and (nm (multiwave mixing coefficients) are large compared to an and rnm. 
On the other hand, Eq. (2.44) is a necessary, but not sufficient, condition for self­
locking: to achieve self-locking, it is also essential that the optical power of the 
laser exceeds a threshold value at which the nonlinear gain effect is significant. 
Since the optical power, and hence the mode amplitudes are dependent upon
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&nm, « n, 7/nm and £nm, there is no explicit relationship to determine when, and at 
what values of the various parameters, self-locking take place. It is found that, 
generally, self-locking is critically dependent on the relative magnitudes of r)nm 
and £nm with respect to a n and 0nm. It is also established that self-locking is 
more sensitive to the multiwave mixing parameters, Tjn m  and f n m , than the mode 
pulling/pushing coefficients, <rn and rnm.
In summary, it has been shown that
(i) For gain saturation parameter greater than «  7.5 x 10-5 cm3s-1 , side-mode
suppression effect is such that the laser operates in a single longitudinal 
mode (at the central mode frequency) and hence FM self-locking cannot 
occur.
(ii) For multiwave mixing nonlinearities less than 0.3 x 10-5 cm3s-1, the central 
frequency again dominates because of insufficient population pulsation in­
teractions to effect combination tone coupling, thereby inhibits self-locking 
operation.
(iii) For gain saturation parameter less than 1.0 x 10-5 cm3s-1, self-locking 
occurs at output powers greater than 20 mW. The self-locked output power 
is inversely related to the gain saturation parameter.
(iv) For multiwave mixing greater than «  2.5 x 10-5 cm3s_1, self-locking re­
quires laser output power in excess of 20 mW. The self-locked output power 
increases with increased multi wave mixing nonlinearities.
(v) The value of the linear gain parameter a n does not significantly affect the 
behaviours described above. The value of the linear gain does, of course, 
help determine the powers in the self-locked state.
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The results summarized in (i) and (ii) delimit regions in the nonlinear param­
eter space for which self-locking is sustained. Specifically, it has been shown that 
self-locking occurs because of intrinsic multiwave mixing effects in semiconduc­
tor lasers in the presence of nonlinear gain. Furthermore, the determination of 
optical output powers in the self-locked state, indicated in (iii) to (v), provide fur­
ther indications of the magnitude of gain nonlinearities present in semiconductor 
lasers.
2.7 Conclusion
A three-mode model has been used to demonstrate the role of gain nonlinearities 
in effecting self-locked FM oscillation in semiconductor lasers. The requisite gain 
nonlinearities and output power levels have been shown to be consistent with 
experimental observations. Specifically, self-locking FM oscillation occurs in long- 
wavelength InGaAsP lasers because of intrinsic multiwave mixing interactions 
occurring in the presence of large gain saturation nonlinearities in these devices. 
To demonstrate intensity-invariant FM oscillation and to establish the depth of 
the FM modulation in the self-locked state, it is necessary to take more than three 
modes into account. An extension of the formalism presented in this chapter 
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C hapter 3
M ultim ode A nalysis o f  
Self-Locking FM  Laser 
O peration
3.1 Introduction
The first reported observation of self-locking FM laser operation in multimode 
InGaAsP Fabry-Perot (FP) lasers by Tiemeijer et al. [1] has generated significant 
interest in the properties of FM oscillation in semiconductor lasers. The study 
of self-locking FM behaviours in semiconductor lasers is important both for the 
understanding of nonlinear physical mechanisms in semiconductor active medium 
[2, 3], and for possible device applications. Self-locking FM effects have also 
been observed recently in strained quantum well InGaAs FP lasers operating at 
0.98 /zm wavelength [4, 5]. Furthermore, Chinn and Swanson have demonstrated 
optical short pulse generation at repetitive frequencies of up to 233 GHz by 
converting the self-locked FM oscillation output of a solitary diode laser to an 
AM pulse train by use of optical fiber dispersion [6].
In chapter 2, it has been established, using a three-mode model, that intrin­
sic multiwave mixing occurring together with nonlinear gain may account for
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self-locking FM laser operation in semiconductor lasers [7]. The requisite gain 
saturation and multiwave mixing nonlinearities have been shown to be consis­
tent with experimental observations of Ref. [1], Although a three-mode model 
is sufficient to demonstrate the occurrence of self-locking FM laser operation, it 
is necessary to extend the model to take more than three modes into account in 
order to calculate the modulation depth of the FM laser oscillation.
In this chapter, a multimode formalism is developed for the analysis of self­
locking FM operation, incorporating five, seven and nine modes in semiconductor 
lasers [8]. An FM index of 1.3 has been found for the case of a five mode FM 
supermode. This calculated modulation index is in agreement with available 
experimental evidence.
3.2 Formalism
In this section, a generalization of the three-mode laser model presented in the 
previous chapter to include more than three oscillating modes is described. An 
odd number of modes, N , is considered in the analysis. The oscillating modes 
have frequencies vn where n — 1 ,2 , . . . ,  TV, and P(i+n) /2  is the central-mode fre­
quency which is assumed to be nearest to the gain peak. The modes are defined 
by field phasors of amplitudes En and phases <f)n. The amplitude- and frequency- 
determining equations given by Lamb [9] for a multimode laser are
E n = a nE n -  ]T  ^  EnEpEv Im{t?n/i/Mr e x p ( ^ nM^ )}  , (3.1)
M p a
vn +  in  =  ftn +  °n ~  ^  E ^ p E ^ E ' 1 Re{tfnww. exp(itfn/ipa)} , (3.2)
n p a
where ^ n u p a  is the relative phase angle defined as
^n/xpa (^ n  Vp_ +  Up Pff) t T  (f)n (f)p T  <j>p , ( ^ '^ )
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and i = y ( —1), Im and Re denote the imaginary and the real parts of the 
complex quantity in the curly braces, respectively, and a n prescribes the linear 
gain of the laser. Multiwave mixing nonlinearities are described by the coefficient 
$nnpa exp(i^nppa)- &n is the power independent pulling coefficient arising from the 
dispersive nature of the medium and fin is the passive-cavity resonance frequency 
of the n-th mode.
In deriving the Lamb equations (3.1) and (3.2), it is noted that the field E n 
cannot respond to frequency variations much larger than the cavity bandwidth, 
so that only terms that satisfy the following equation are retained,
vn ~  Vpi +  vp ~  v° -  0 , (3.4)
or equivalently
n = p — p + cr . (3.5)
In the three-mode case, it is found that there are four non-zero relative phase an­
gles satisfying Eq. (3.5), which are $ 2 1 2 3 , $ 2 3 2 1 , ^ 1 2 3 2  and ^ 3 2 1 2 - Using Eq. (3.3), 
it is found that these relative phase angles axe related to one another. If it is 
assumed that ^ 2 1 2 3  =  ^  then all of the other relative phase angles can be writ­
ten in terms of that is, $ 2 3 2 1  =  ^  and # 1 2 3 2  =  ^ 3 2 1 2  =  — Hence only one 
independent nfip<T can be determined in a three-mode laser. This is because one 
phase angle is arbitrary and another is determined by the choice of time origin [9]. 
In the TV-mode problem, therefore, there are in fact (TV — 2) linearly independent 
relative phase angles, which are taken to have the form
^i+iJj+id+2 =  (2*^+1 — Vj — Uj+2) t -f 2<j>j+i — (f>j — (f>j+2 , (3.6)
where j  =  1 , . . . ,  (TV — 2).
To determine the initial conditions of the phases, consider time t =  0. From
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Eq. (3.6),
2< £ j+ 1 — <t>j ~ <f>j+ 2 — Wj+ljj+lj+2 • (3.7)
If the time origin is chosen such that (j>\ = <j>2 = <t>, where <j> is an arbitrary con­
stant, then <j>3 = <j> — ^ 2 1 2 3 ? and, in general,
4*m — 2<^ m_i (f>m—2 ^ m —l ,m —2,m —l ,m  j ^  — 3, . . .  , N  . (3.8)
Hence by specifying the initial values of (N  — 2) number of independent ^ ntipa 
and <j>i =  <f>2 =  <j>, <j> being an arbitrary constant, all the phases are defined. Fur­
thermore, other dependent ^ npp<T in the amplitude- and frequency-determining
The amplitude- and frequency-determining equations then become
N
En = a nEn — OnmE^En +  multiwave mixing terms , (3.12)
T7l =  l
N
Vn + <i>n — Qn + 0n ~  ^nmE^ +  multiwave mixing terms . (3.13)
m = l
Using the procedures as described in Sec. (2.4.2), the linear gain and the nonlinear 
gain saturation parameters are obtained as follows,
equations which satisfy Eq. (3.5) are properly and completely defined at t =  0 by
(3.9)
since all <f>n are defined.
In order to identify the semiconductor laser analogues of the various nonlinear 
terms contributing to the multimode laser interaction, the cross/self saturation 





a n = 2.25 x 1011 s *, and 
Qnm =  1.51 x 10~5 cm3s-1
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The values of other nonlinear parameters such as "dnwo and rnm are assumed to 
have the same order of magnitude as 9nm. The linear mode pulling coefficient 
is assumed to be crnm «  1.0 x 1012 s-1 . With all these parameter values and 
initial conditions for the mode amplitudes and the relative phase angles, the TV- 
mod e amplitude- and frequency-determining equations (3.1) and (3.2) can then 
be solved numerically to obtain the time evolutions of the mode amplitudes and 
the relative phase angles.
3.3 M ultim ode Self-Locking FM  Laser Opera­
tion
An integration of the amplitude- and frequency-determining equations shows that 
a self-locked state may indeed occur for nonlinear gain parameter values appro­
priate to InGaAsP lasers operating at an emission wavelength of 1.55 //m. In the 
self-locked state, the mode amplitudes and the relative phase angles all settle to 
stable, constant (time-invariant) values, as described in the previous chapter.
3.3.1 Frequency M odulation  Index
In pure FM operation, the field of the FM supermode has a constant amplitude, 
E q  and is of the form
E (t)  =  E q cos(a;ot -1- /? cos cot) , (3-14)
where (3 is the FM index, lo is the beat frequency between adjacent modes, and co0 
is the frequency of the dominant mode, taken as the central mode. The relative 
amplitudes of the cavity modes are defined by the Bessel functions:
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b
Figure 3.1: Comparison between (a) calculated longitudinal mode spectrum of 
five-mode self-locking oscillation and (b) ideal Bessel function sideband spectrum.
where n is an integer. The FM index, for the self-locking FM oscillation may 
then be deduced from the calculated mode amplitudes by making use of the 
standard Bessel function identity
j U P )  =  J n + m  +  J n - l ( P )  ■ (3-16)
Using a five-mode model, the steady-state mode amplitudes are computed 
and plotted against frequency as shown in Fig. 3.1(a). This calculated ampli­
tude spectrum is compared with the theoretical ideal FM sidebands as shown in 
Fig. 3.1(b). The general agreement between the calculated and the theoretical 
FM sideband spectra suggests that the self-locking oscillation approaches pure 
FM operation.
Using typical mode amplitudes of a five-mode self-locked laser oscillation com­
puted using the present model, the FM index /? is calculated using Eq. (3.16). An
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FM index of «  1.3 is obtained for parameter values appropriate to InGaAsP laser 
diodes. This calculated FM index is in good agreement with values determined 
experimentally [1 ].
3.3.2 L im itations to  Pure FM  Laser O peration
The time-domain representations of the self-locking FM laser oscillation with five, 
seven and nine frequency components are shown in Fig. 3.2. It is evident from 
the observation of the output intensity waveforms that a small periodic variation 
in the signal intensity envelope is present and pure FM operation is inhibited. 
This indicates an admixture of AM component in the self-locked FM supermode. 
The periodic nature of the intensity envelope variation is due to the locking of the 
longitudinal modes at the same beat frequency. The period of the signal envelope 
variation is given by the inverse of the intermodal frequency spacing, which is 
T  — 2 nrL /c «  5.8 ps, where nr is the refractive index, L  is the cavity length, 
and c is the velocity of light in vacuum. Thus, instead of a pure FM oscillation 
(with the field as given by Eq. (3.14)), the field of the self-locked oscillation can 
be written in the form
E (t)  =  E q [1 +  f(t)]  cos[a;o£ +  /? cos(a;£ +  </?)] , (3-17)
where f ( t )  denotes a time function describing the variation of the signed envelope, 
which is not explicitly specified in the present multimode context, and is a result 
of the residue amplitude modulation, and <p is the relative phase between the FM 
and AM components.
It is found that self-locking FM operation, caused by medium nonlinearities, 
is always accompanied by a small AM component for nonlinear parameters asso­
ciated with semiconductor lasers. A qualitative explanation for the admixture of 
AM and FM components in the self-locked FM supermode is given below which
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Figure 3.2: Output intensity waveforms of self-locking FM laser operation with 
(a) five ( P o u t  =  7.5 mW, f t  —  1.27), (b) seven (P o u t  =  9.3 mW, —  0.80), and 
(c) nine (P o u t  =  18.3 mW, /? =  1.76) longitudinal mode components. O utput 
intensity is in units of xlO11 W m“ 2.
3.3 M ultim ode Self-Locking FM  Laser Operation 53
involves a consideration of the contributions of various nonlinearities.
There is still a considerable debate on the origin of gain nonlinearities in 
semiconductor lasers. Physical mechanisms that are believed to play a significant 
role in effecting gain nonlinearities include spectral hole burning, carrier heating, 
spatial hole burning, and carrier density modulation. It has been established 
in the previous chapter that FM self-locking is critically sensitive to multi wave 
mixing nonlinearities. The term ^ niipa represents the phase dependent coupling 
between modes and arises because of the beating of beat frequencies between lasing 
modes. The beat-frequency coupling generates frequency components, which in 
semiclassical laser theory are often referred to as combination tones [9], through 
intrinsic multiwave mixing processes. The physical mechanism which gives rise 
to intrinsic multiwave mixing is the modulation of the carrier population of the 
active medium at the beat frequency between the oscillating modes. This carrier 
density modulation (called population pulsations) translates to a modulation of 
the refractive index because of the free-carrier contribution to the refractive index. 
The modulation of the refractive index in turn causes the optical length of the 
laser cavity to be modulated, thereby modulating the eigenfrequency of the Fabry- 
Perot resonator. Thus self-locking FM operation is effected. On the other hand, 
owing to the carrier dependence of medium gain, the carrier modulation also 
leads to gain/loss modulation of the active medium. This gain/loss modulation 
results in the mode amplitude variation and thus produces an AM component in 
the self-locked FM supermode.
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3.4 Effects o f M edium  N onlinearities on FM  
Index
In this section, the dependence of FM index on medium nonlinearities is in­
vestigated using a five-mode laser model. Comparison of the calculated output 
power with experimentally determined output power of semiconductor lasers un­
der which self-locking FM operation was observed provides a quantitative test of 
the magnitudes of the various nonlinear parameters.
3.4.1 S elf and Cross Saturation N onlinear Effects
The presence of self/cross gain saturation in multimode semiconductor laser op­
eration causes the mode amplitudes to be suppressed. Figs. 3.3 and 3.4 illustrate 
the effects of self and cross saturation nonlinearities on FM index and output opti­
cal power, respectively. Both the FM index and the output power decrease as the 
self/cross saturation coefficient is increased. In particular, for 0nm <  1.5 x 10- 5  
cm3 s-1, self-locking FM operation requires output powers in excess of 30 mW. 
However, self-locking FM oscillation was observed in laser diodes for output pow­
ers below 20 mW [1 ]. It can thus be deduced that, under normal operating 
circumstances, the gain saturation parameter of InGaAsP lasers is likely to be 
greater than w 1.5 x 10- 5  cm3 s_ 1  for a five-mode laser operation.
It is also observed from Fig. 3.4 that the FM index drops off sharply and FM- 
locking ceases to occur for cross saturation parameter $nm > 4.0 x 10- 5  cm3 s-1. 
Comparing Figs. 3.3 and 3.4, it is noted that self-locking is more sensitive to the 
cross saturation parameter than the self saturation gain parameter. For values 
of 9nm in the range of 1.5 x 10- 5  to 4.0 x 10- 5  cm3 s-1, the FM index of the self­
locking FM oscillation is found to be «  1.2-1.32 for a five-mode laser operation.
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Figure 3.3: Effects of self saturation nonlinearities on FM index and output power 
for a five-mode self-locking FM laser diode. The nonlinear gain coefficient is in 
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Figure 3.4: Effects of cross saturation nonlinearities on FM index and output 
power for a five-mode self-locking FM laser diode.
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This estimate of the FM index compares favourably with experimentally deter­
mined values [1], in which (3 =  1.9-3.9 have been obtained. The slightly smaller 
calculated value of (3 compared to experiment may be due to the the limited 
number of modes considered (where N  = 5 in this case). When seven and nine 
modes are taken into account in the analysis, the output power increases for a 
fixed value of linear gain compared to the five-mode case, and higher values of (3 
are obtained.
Tiemeijer et al. showed that the spectral width of the longitudinal-mode emis­
sion spectrum is proportional to the FM index of the self-locked laser diode. 
Fig. 3.5 shows the recorded spectral width as a function of single-facet output 
power of a laser diode (from Ref. [1 ]). At low output power, the reduction of the 
spectral width towards near single-mode operation of the laser diode is consistent 
with the “classical” linear gain model. However, the subsequent increase of the 
spectral width at higher output power levels cannot be explained using the linear 
gain model. Tiemeijer proposed that the increase of the spectral width is a result 
of self-locking FM oscillation with increasing FM index. To compare with this 
experimental observation, the FM index versus output power (per-facet) char­
acteristics for the five-mode self-locked laser diode calculated using the present 
formalism is shown in Fig. 3.6. The increase in output power is a result of de­
creasing the value of the self saturation coefficient (from Fig. 3.3). Comparing 
Figs. 3.5 and 3.6, it is found that the experimentally observed rebroadening of the 
spectrum at high output power is very well explained by the model of self-locking 
FM laser operation as described in this thesis. In particular, the observed satu­
ration of the spectral width at higher power levels is consistent with the present 
calculated results. In addition, the threshold output power for self-locking FM 
operation to occur can be inferred from the experimental and the calculated 
curves. Self-locking threshold output power of (4 ±  1) mW is obtained from both











Figure 3.5: Experimental plot of spectral width versus single-facet output power 
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Figure 3.6: Calculated FM index versus single-facet output power of a semicon­
ductor laser.
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the experimental and the calculated results.
3.4.2 M ultiwave M ixing N onlinear Effects
The general saturation term $ npp<7 is a complex quantity arising from the po­
larization of the active medium due to the interaction of the medium with an 
electromagnetic field. The complex polarization V  can be related to the electric 
field component E  by a complex susceptibility x, that is
V  =  eoxE
= e0 (X' + i x " ) E , (3.18)
where cq is the permittivity of free space. Re{t?n/ipa} is proportional to x ' which is 
associated with the refractive index of the medium, whereas Im{i?npp<r} is directly 
related to x!' which gives the medium gain of semiconductor lasers [10]. The 
term  exP('^nMP< 0  describes the multiwave mixing nonlinear effects on the 
mode-interaction and affects both the refractive index and the gain of the active 
medium.
The variations of FM index with the real and the imaginary parts of axe 
depicted in Figs. 3.7 and 3.8, respectively. It is noted that the FM index increases 
as |Re{^nMP<7}| is increased and saturates at the value of 1.332. The output power 
does not seem to have a significant correlation with Re{i?n/xp(T} since Re{$npp<r} 
is related to the refractive index of the active medium.
On the other hand, both the FM index and the output power increase with 
increasing Im{i?nMP<7}. This is due to the fact that higher values of Im{^npp<7} 
mean higher medium gain. Consideration of the experimentally determined out­
put power for which self-locking FM operation occurs, suggests that the value 
of Im{^npp<T} is likely to be smaller than 1.5 x 10- 5  cm3 s_1. However there is
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Figure 3.8: Dependence of FM index on the imaginary part of the general satu­
ration coefficient.
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a threshold value of Im{i9n/W}, and therefore a minimum output power, below 
which the self-locking oscillation ceases to occur.
In summary, the semiconductor laser analogues of the various terms contribut­
ing to the nonlinear dynamics of multimode laser operation have been identified 
by suitably adapting the Lamb amplitude-determining equation, and comparing 
it with the well-known semiconductor coupled-mode photon rate equation. By 
integrating the multimode amplitude- and frequency-determining equations, it 
is shown that the mode amplitudes and, more significantly, the relative phase 
angles evolve to stable and constant (time invariant) values, thereby indicating 
self-locking operation. It has thus been established that self-locking FM laser 
operation may indeed be attributed to intrinsic multiwave mixing nonlinearities 
occurring in the presence of gain saturation, using nonlinear parameter values 
appropriate to InGaAsP laser diodes.
It has been shown, in particular, that the FM index increases with optical out­
put power, which in turn is determined by the various nonlinear parameters. Self 
and cross saturation nonlinearities cause gain suppression and hence reduce the 
output power and the FM index. On the other hand, Im{i?n/ipa} is proportional to 
the medium gain, and therefore increasing Im{i?n/i/w} enhances the optical output 
power and the FM index. For a five mode laser, FM index in the range of 1.15 to 
1.32 at output powers of less than 20 mW is obtained for nonlinear parameters 
appropriate to semiconductor lasers. These values are in good agreement with 
experimental evidence. When seven and nine modes are taken into account in 
the analysis, the output power increases for a fixed linear gain value compared to 
the five mode case, and the FM index increases correspondingly with the optical 
output power.
A general dynamical theory of semiconductor lasers would require a self-
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consistent treatment of the coupled multimode rate equations not only for the 
field amplitudes and the relative phase angles, but also for the total carrier den­
sity. However, it has been shown that significant insight can be gained into the 
nature of self-locking FM operation in semiconductor lasers by using the sim­
pler formalism presented here. More elaborate theoretical treatments utilizing 
the “density m atrix” formalism [11]—[13] may be required in order to account in 
detail for the different contributions of the gain saturation nonlinearities, such as 
spectral hole burning, carrier heating and self-induced carrier modulation [14]— 
[16], in the self-locking FM process.
3.5 Conclusion
In this chapter, a multimode analysis of self-locking FM operation of laser diodes 
has been reported. Calculation of the FM index using this multimode semicon­
ductor laser model gives /? «  1.3, which is in good agreement with experimental 
values. A small AM component that gives rise to slight amplitude envelope 
variations is shown to be present in the FM supermode and inhibits pure FM 
operation. The contributions of various nonlinearities on the self-locking FM 
operation characteristics have also been established.
The present chapter has concentrated on the effects of intrinsic multiwave 
mixing and nonlinear gain saturation on the spectral properties of semiconduc­
tor lasers. Wave mixing may also be effected by externally injecting an optical 
signal into a semiconductor laser operating in a single-longitudinal mode. If the 
frequency difference between the injected field and the lasing field is sufficiently 
large so that injection locking does not occur, additional spectral components 
may be generated through wave mixing process (generally known as four-wave 
mixing in this case). This latter aspect of the spectral properties of semiconductor
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lasers is studied in the next chapter.
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C hapter 4
N early  D egenerate Four-W ave 
M ixing in Laser D iodes
4.1 Introduction
The phenomenon of four-wave mixing (FWM) in semiconductor lasers [1, 2] and 
optical laser amplifiers [3, 4] has been extensively studied recently not only with 
a view to gaining a better understanding of nonlinear processes in semiconductor 
devices but also because of its many potential applications. Wave mixing repre­
sents one of the fundamental nonlinear optical processes and has an important 
effect on the dynamical and spectral behaviour of laser diodes. In chapter two 
and three, intrinsic multiwave mixing occurring in the presence of nonlinear gain 
has been shown to give rise to self-locking FM oscillation in laser diodes [5, 6 ]. 
On the other hand, FWM by external optical signal injection constitutes a pow­
erful tool for high-resolution spectroscopy [7] and has been extensively used to 
extract basic information on gain saturation [8 ]—[1 2 ] and to characterize many 
fundamental parameters of semiconductor lasers [13, 14].
In nonlinear optics, optical phase conjugation by FWM has found applications 
in real-time holography and in adaptive optics [15, 16], as well as being proposed
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for utilization in frequency-dispersion compensators in dispersive optical fibre 
transmission systems [17]. Recently, all-optical frequency conversion via FWM 
in laser diodes and laser amplifiers was proposed and demonstrated [18]—[20] for 
use in optical coherent multicarrier communication systems. Studies in FWM 
also help in the understanding of the generation of undesirable cross-talk and 
intermodulation distortion between amplified channels in semiconductor laser 
amplifiers [2 1 , 2 2 ].
In a seminal paper [23], Agrawal presented a theory of nondegenerate FWM in 
semiconductor lasers and amplifiers with particular emphasis on the physical pro­
cesses that lead to population pulsations (modulation of the carrier density). It 
was shown that two mechanisms with different characteristic time constants may 
contribute to the FWM process. The first mechanism is the dynamic modulation 
of the carrier density at the beat frequency of the intracavity propagating pump 
and probe waves, which creates gain and refractive-index gratings. Diffraction 
of the counterpropagating pump waves from these dynamic gratings generates 
a phase conjugate wave. The effectiveness of the gratings is governed by the 
spontaneous carrier lifetime (about 1  ns). Since the carrier density cannot be 
modulated at frequencies much higher than the inverse of the spontaneous life­
time, this mechanism is effective only for frequency detunings of up to a few 
GHz, and gives rise to the so-called nearly degenerate four-wave mixing (ND- 
FWM). The second mechanism is nonlinear gain arising from the modulation of 
the occupation probability of carriers within an energy band. This mechanism, 
which effects the highly nondegenerate FWM, is effective for frequency detunings 
of over 100 GHz because of its short characteristic time (about 0.1-1 ps). This 
ultrafast mechanism is governed by intraband relaxation processes. There is still 
a considerable debate on the origin of the nonlinear gain which gives rise to highly 
nondegenerate FWM. It has been suggested that spectral hole burning [24], car­
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rier heating [7, 12] or spatial hole burning [25] may contribute to this nonlinear 
gain.
Semiconductor lasers biased above threshold axe of particular interest for use 
in optical phase conjugation via NDFWM. In this scheme, an external optical 
probe wave is incident into a laser diode and the oscillating laser field acts as 
the pump wave. Very high conjugate amplifications of the order of 30-40 dB can 
be achieved because of the cavity feedback enhancement of the mixing process 
and the amplifying effect of the semiconductor gain medium [26]. In addition, 
the NDFWM bandwidth in a laser diode is determined mainly by the laser’s 
relaxation oscillation frequency [27] and is not entirely limited by the inverse of 
the effective carrier lifetime. Highly efficient NDFWM with bandwidth of up to 
30 GHz can be achieved by biasing the laser diode well above threshold. On 
the contrary, both external pump and probe sources with high optical powers 
are required for NDFWM in semiconductor laser amplifiers (SLA) [3. 4]. In this 
latter scheme, a conjugate amplification of up to 8.3 dB and a maximum NDFWM 
bandwidth of 1 2  GHz have been reported [4].
Several theoretical treatments of NDFWM in Fabry-Perot (FP) laser diodes 
biased above threshold have emphasized the temporal field-matter interactions 
in the FWM process [28]—[30]. Although the FWM theory presented by Agrawal 
[23] is based on a travelling-wave formulation, most of the attention is devoted to 
the discussion of FWM in semiconductor laser amplifiers, and FP cavity effects 
were not included. Recently, Mecozzi et al. [27] presented a detail theoretical 
analysis of NDFWM in a distributed feedback (DFB) laser using the travelling- 
wave formulation. By using the mean field approximation, they derived analytical 
expressions for the probe and the conjugate wave outputs, and demonstrated good 
agreement between theory and experimental results.
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Although the time-domain rate-equation approach is adequate for the analysis 
of NDFWM in FP laser diodes with symmetric and high facet reflectivities, the 
coupled-mode travelling-wave formulation in the spatial domain has to be used in 
the description of NDFWM in laser diodes with low and/or unequal (asymmetric) 
facet reflectivities and in laser diodes with longitudinal structural variations. In 
these latter cases, the longitudinal carrier and photon density distributions, and 
hence the gain, are significantly nonuniform. As a result, the mean field approx­
imation is no longer valid. Another important feature of the spatially dependent 
coupled-mode analysis of FWM is that it allows the comparison of optical probe 
injection into either facet of a asymmetric FP laser diode, whereas in a model 
which assumed uniform gain (or mean field approximation), this would not be 
possible.
In this chapter, a model for cavity-enhanced NDFWM in above-threshold FP 
laser diodes with low and/or asymmetric facet reflectivities is described [31]. The 
model represents a generalisation of the work of Agrawal [23] so as to incorporate
(i) Fabry-Perot cavity effects and notably the generation of both a phase con­
jugate reflectivity and a phase conjugate transmittivity, and
(ii) longitudinal variations of both the nonlinear interaction and the gain distri­
bution.
In this way it has been possible to obtain a model of wide applicability and 
which is, in particular, capable of describing FWM properties in laser diodes 
with nonuniform longitudinal field and gain distribution.
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Figure 4.1: Conceptual model of NDFWM in a laser diode. A f{z )  are the normal­
ized slowly varying +z and —z  propagating fields, where j  =  0 , 1 , 2  correspond 
to the pump, the probe and the conjugate waves, respectively. Atn is the exter­
nal probe injection at frequency a>i, and A r j  and A t j  are the reflected and the 
transm itted output fields, respectively, at the corresponding frequency.
4.2 Travelling-W ave A nalysis o f N early D egen­
erate FW M
In this section, a theoretical model of cavity-enhanced NDFWM in above-threshold 
laser diodes is presented. The model is based on a theory proposed by Agrawal 
[23], generalized to take into account resonant-cavity effects and longitudinal 
variations of the nonlinear interaction and the internal gain distribution. Fig. 4.1 
shows the conceptual model of FWM in a laser diode biased above threshold. 
The laser is assumed to oscillate in a single transverse- and longitudinal-mode 
providing the pump wave at frequency lj0. A collinear probe wave at frequency 
is injected into the pumped laser through the front facet with power reflectivity 
R i at z =  0, where z  is the distance along the longitudinal direction of the laser. 
The nonlinear coupling of the intracavity waves modulates the carrier density at
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the beat frequency 0  =  u;i — a>o5 and generates a conjugate wave at frequency 
to? = loq — Q, through NDFWM.
The nonlinear interaction of the intracavity field E  in the semiconductor laser, 
assuming that the laser structure supports only the fundamental waveguide TE 
mode, is described in the scalar approximation by the wave equation
c2 8 t 2 Coc2 d t 2 ’ K }
where n is the refractive index, c is the velocity of light in vacuum, eo is the vac­
uum permittivity and P  is the induced polarization given explicitly in Eq. (4.13). 
The field is normalized to include the factor y/ntoc, so that the optical intensity 
I  (in units of Watts per square meter) is given by I  =  \E\2. The total intracav­
ity field and the induced polarization can be written as the sum of the Fourier 
components:
E ( x , y , z , t )  =  U(x,y)  Ej{z) exp (-iw jt)  , (4.2)
j
P ( x , y , z , t )  =  U(x,y)  J 2 Pi( z ) exp(-*a;J-i) , (4.3)
j
where U(x,y)  is the transverse distribution of the fundamental waveguide TE
mode and j  =  0 , 1 , 2  correspond to the pump, the probe and the conjugate
waves, respectively. The frequencies of the various waves obey the relationship
U) 1 — LO0  =  U>0 — LO2 =  f! , (4.4)
where ft is the angular frequency detuning (or beat frequency) between the pump 
and the probe waves.
Eqs. (4.2) and (4.3) axe substituted into Eq. (4.1), and, following multiplica­
tion by U*(x,y)  (where * represents complex conjugate), an integration over the 
transverse dimensions x  and y is performed to obtain the one-dimensional wave 
equation
<PEi . o „
4.2 Travelling-W ave A nalysis of N early D egenerate FW M 70
where kj =  ngcjj/c =  cjj/ vg are the wavenumbers, ng is the group refractive index, 
vg is the group velocity and T is the confinement factor given by
r  Jo !ad \U (x,y)\2dxdy
I /o o  \U(x,y)\2dxdy ’ K ' ’
which represents the fraction of the mode energy confined within the active region 
of width w and thickness d.
The carrier density N  at an injection current density J  can be obtained by 
solving the carrier rate equation
d N  J  N  g (N ) l r i .2 2 /jfT.
! H = T d - T , - ^ m + D V N ' (4 '7)
where e is the electronic charge, tb is the spontaneous carrier lifetime, h is the 
Planck’s constant divided by 27t, g(N)  is the carrier-dependent gain, and D  is 
the diffusion coefficient.
Because the pump-probe frequency detuning (a few GHz) in the nearly de­
generate FWM case is much smaller than the gain spectrum bandwidth, it is 
assumed for simplicity that all waves experience the same gain which is given by
g(N)  = a ( N  — JV0)( 1 -  e \E\2 ) , (4.8)
where a is the differential gain, No is the carrier density at transparency, and 
e is the nonlinear gain coefficient (in units of m 2 /W ). e is related to the more 
conventional notation cjvl (in units of m3) by e =  c n l / ( ^ o v g). The actual 
dependence of the gain on the field intensity is still a m atter of debate [32]. 
Here a linearized expression which is valid for the case e\E \2 «  1 is used. 
Theoretical analysis of NDFWM using Eq. (4.8) has been shown to agree well 
with experiments [13, 27].
The effect of nonlinear gain saturation has been reported [27] to damp the 
resonant enhancement of the FWM efficiency near the relaxation oscillation fre­
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quency of the pumped laser. The cavity standing waves generated by counter- 
propagating wave coupling give rise to additional damping of the resonance peak 
of the FWM response through the mechanism of spatial hole burning. However, 
experimental results showed that the effect on FWM spectra of spatial hole burn­
ing is negligibly small compared to that arising from nonlinear gain saturation
[27]. Consequently, longitudinal cavity standing wave effects are neglected in the 
present analysis. Furthermore, carrier diffusion tends to average the carrier den­
sity over the transverse dimensions because the transverse waveguide dimensions 
are smaller than the diffusion length ( \/D t8 « 2  -  3 /mi). Thus, to a good degree 
of approximation, the diffusion term  in Eq. (4.7) can be neglected, ie. V 2iV —> 0.
To solve the carrier density rate equation, E  and g(N)  from Eqs. (4.2) and 
(4.8) are substituted into Eq. (4.7), and an approximate solution of the form
N( z , t )  = N s(z) +  [AiV(z) exp(—iflt) +  A N*(z)  exp(iOt)] (4.9)
is assumed, where Ns is the static carrier density and A N  is the carrier density 
deviation (population pulsation). The analysis is carried out for the case where 
the optical probe injection is very small so that the effect of probe-induced carrier 
depletion is negligible. The probe and the conjugate waves then act only as small 
perturbations of the free-running intracavity pump wave. This assumption is 
consistent with reported experimental investigation of NDFWM in laser diodes 
in which a very small probe injection power of approximately 0.02 /zW was  used 
[27, 28]. The solution of Eq. (4.7) then yields
_  (Jr./ed) +  No \Eq\*/P.
1 +  \EoWP. ’ ( ’
a „  - g W  -  NoXe s k  +  e 0e ; ) / p s
i + \Eo\yp,-isiT, ’ ( • >
where
Ps = hu;o/( Tar3 ) (4-12)
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is the saturation intensity. The overlap factor C  is phenomenologically introduced 
to account for the non-plane-wave nature of the waveguide mode in semiconductor 
lasers [23] and C =  1 is assumed.
The field-carrier interaction is governed by the relation
P  = to X E ,  (4.13)
where the susceptibility is defined as
— 71C
x ( N )  = ----- ( 0  + i ) g ( N ) ,  (4.14)
Ct?o
and (3 is the linewidth enhancement factor which accounts for the carrier induced 
index change in semiconductor lasers [33]. The induced polarization components 
Pj are calculated by substituting Eqs. (4.2), (4.8), (4.10) and (4.11) into Eq. (4.13) 
to obtain
Po(z) =  eo A g(Na) Eq , (4-15)
Pi(z) = e0 A g ( N s) [ E i - A n ilE o - 6 NLE0] , (4.16)
P2 (z) = e0 A g ( N s) [ E 2 -A n * QE o - 6 *NLEo] , (4.17)
where
A  =  -{nc/tjj0) (/? -|- z) , (4-18)
An _  -AiVfl {EqEx +  e 0e %)/p s
n ( N . - N o )  ( l  +  |£b |J/ P . - * n r . )  ’ }
£ { E q E-i -I- E qE*2 )
SnL - l-e\EoP ’ ( 4 '2 0 )
and
g(Ns) =  a(Ns — JVo)(l — e |£«|2)
(1 -  £ |£o|2) • (4.21)
(aT8/ed)J  — aNo t , |2>
1 +  \Eo\2 /P s
The term Sj^ l has been included to account for the nonlinear gain saturation 
effects.
4.2 Travelling-W ave A nalysis of N early D egenerate FW M 73
4.2.1 Fabry-Perot C avity Effects
To incorporate the effect of resonant cavity into the analysis, it is necessary to 
treat both the forward (+z) and the reverse (—z) propagating waves. In this 
case, therefore, the z-dependence of the fields is assumed to be
E j (z) =  J p .  [Af(z)  exp(ik0 z) +  A ■ (z) exp(—«&oz)] ? (4.22)
where A f ( z )  and A j  (z) are the normalized complex envelope functions of the 
forward and the reverse propagating waves respectively. Similarly, the induced 
polarization at the corresponding frequency is expressed as the sum of the forward 
and the reverse propagating components,
Pj(z) = Pj'(z) exp(ik0 z) +  P f ( z )  exp(—ik0z) . (4.23)
Substituting Eqs. (4.22) and (4.23) into Eq. (4.5), and applying the slowly vary­
ing envelope and the rotating wave approximations, the following equations are 
obtained:
dA%  otiru ± _  i u j p T
dz 2  0  2 nceoy/P l
d A f ^ i n g Sl A± ^  dint A± ^  i u x Y
-F ±  0  ±dz c 2  2  n c Co y/Ps
d A f  ±  i n g n  A± ±  Oir*A± __±  i u 2 f
P ±r 0 5 (4.24)
P ± (4.25)
P±
2 5 (4.26)dz c 2  2 nceo \fP a
where is the internal loss coefficient introduced to take into account all losses 
(diffusion, free-carrier absorption, scattering, etc.) other than mirror loss.
Substituting the induced polarization components from Eqs. (4.15)-(4.17) as 
the source terms into Eqs. (4.24)-(4.26) gives the coupled-wave equations which 
describe the evolution of three sets of copropagating and counterpropagating 
fields along the z direction:
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d A - i  £  . \ r \ s \  & in t A±  .= ±a„ A f - ( X  + Y )Q A q T r ^ A t ± — A t ,  (4.28)
L Vgdz
k =  ± a 0 [A t -  (X* +  K)QM±] , (4.29)
L z
d^ 2  , r j+ /iv* . Tv’iv'k* ,*+1   &int
dz
where
ao(z) =  5 T + 9f i : (1 _ £ P > P r)(1 _ 8 '8 ) ’ (4-30)
flr(») =  Wtt*)|* +  |4T(*)I*, (4.31)
Q{z) =  A+(A+)* +  Ao(A^)' +  K ) M +  +  (ilJ )M r , (4.32)
X(z)  =  1/(1 +  PT -  iO n ) , (4.33)
Y (z)  =  eP./( 1 -  eP.iV) , (4.34)
<to =  TaNo (J/Jo — 1) i (4.35)
(4 -36)
Anfl(^) =  AQ , (4.37)
and Jo =  edNo/rs is the transparency current density. Note that the z  dependence 
of the FWM nonlinear interations and the gain distribution is retained in the 
present model. This is of importance when consideration is given to lasers with 
low or asymmetric facet reflectivities where significant non-uniformity in the field 
distribution is anticipated.
The coupled-wave equations must satisfy the boundary conditions at the two 
laser facets with power reflectivities R\ and R 2 , respectively:
A f( z  =  0) =  y J l - R i  A in +  y/R! A j ( z  = 0) , (4.38)
A r j  = y/l — Ri A j ( z  =  0) + yJH1 Ain , (4.39)
A j( z  = L) exp(—ik0L) = yJW2 A ^ (z  — L) exp(ik0 L) , (4.40)
ATj  =  y/l -  R 2 A f ( z  = L) exv(ik0 L) , (4.41)
where Atn is the normalized incident probe signal amplitude which is zero for 
j  =  0 ,2 , L is the laser cavity length, A r j  and A t j  are the output fields from
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the front (z = 0) and the rear (z = L) facets, respectively, at the corresponding 
frequency.
The probe (or conjugate) reflectivity, Rp (or R c) is defined as the ratio of 
the reflected probe (or conjugate) output power from the front facet (z = 0 ) 
to the incident probe power at the same facet. Similarly, the probe (conjugate) 
transmittivity, TP(T C) is defined as the ratio of the transmitted probe (conjugate) 
output from the rear facet (z — L) to the incident probe power at the front facet 
(see Fig. 4.1), ie.,





Ain ? TP =






Tc = A t ,2
Ain
4.3 N um erical Solution
The numerical solution of the system of ordinary differential equations (4.27)- 
(4.29) that are subject to the boundary conditions at the laser facets allows the 
evolution of the various fields and their nonlinear interaction to be computed 
along the propagation direction z. This z dependence of the fields and hence 
the gain is of particular importance when the laser has low and/or asymmetric 
facet reflectivities, in which case the mean field approximation is no longer valid. 
In addition, the effects of a Fabry-Perot cavity with different facet reflectivities 
on the conjugate output can only be investigated by numerical solution of the 
differential equations.
Because A f( z )  in the coupled-wave equations are complex quantities, each 
equation can be separated into its real and imaginary parts and a total of 1 2  
equations are to be solved. Although the free-running pump signal wave equations 
(4.27) are independent of Eqs. (4.28) and (4.29), numerical solution is required
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because of the z dependence of the coefficient Oo-
4.3.1 P iece-W ise Constant Inversion Population M odel
An iterative method using the piece-wise constant inversion population (PCIP) 
model similar to that of Middlemast et al. [34] is used to solve Eqs. (4.27). 
The model is based on solving the field and the carrier density equations self- 
consistently with the boundary conditions imposed by the two facets. In the 
model, the longitudinal length of the laser cavity is divided into M  equal-length 
segments, in each of which a constant, but as yet unknown, value of the carrier 
density (inversion population) and thus the gain is assumed. This approach al­
lows an analytical expression for the forward and the reverse propagating pump 
fields to be obtained in each segment. The average intensity distribution in each 
segment is then calculated and used in the charge conservation equation to find 
the self-consistent, constant value of the carrier density in each corresponding 
segment. The procedure is repeated until the boundary conditions at the two 
facets are satisfied to a required degree of accuracy. The PCIP model allows 
the pump wave equations to be solved with considerable reduction in computa­
tion time. The probe and the conjugate wave equations are then solved using 
a standard library routine for a system of boundary-value ordinary differential 
equations in conjunction with the obtained pump waves at each mesh point.
In the PCIP model, the static carrier density AT5>m, and hence the gain Gm, in 
the m-th segment within z = Zm and z =  Zm + 1 are assumed constant. Therefore, 
the pump wave equations (4.27) have analytical solutions of the form
A£(z) = A l{ Z m) exp [(G m -  a int) -  iGmp ] (z -  Zm) } , (4.44)
A q(z) =  Ao(Zm) exp j - i  [(Gm -  a int) -  iGmP] (z -  Zm) j  , (4.45)
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where
Gm = Y a (N ,,m — JVb) [ 1 -  eP.(Fm + Qm)] , (4.46)
and P m and Qm are the average values of the forward and the reverse propagating 
normalized pump intensities in the ro-th segment, respectively, which are defined 
as
?m  =  A i  Jzm
=  { expt (Gm “  A i > ~  1} ’ (4‘47)
and
= XZ J z T
= (g ^ X ^ a I  ^1 ~ exp[_ (Gm _ > (4-48)
where A L  =  L /M  is the segment width. The continuity of Aq ( z )  and A ^(z)  in 
each segment boundary is enforced, whereas their derivitives may be discontinu­
ous.
Eqs. (4.45)-(4.48) are then solved in conjunction with the boundary condi­
tions by following the computational algorithm as follows: while traversing along 
increasing 2 , a new iterated distribution of A q ( z )  is found in each segment. The 
average value P  is calculated in each segment and used with the average value Q 
obtained for the corresponding segment in the immediately previous iteration, to 
obtain self-consistent value of the carrier density in each segment. On reaching 
the rear facet, the boundary condition is imposed and then similar sequence as 
above is run traversing along decreasing z. The boundary condition in the front 
facet allows a new iterated value of A q ( z  = 0) to be found. The iterations are 
continued until a specified degree of accuracy in the computed values of the pump 
field is satisfied at a chosen point. Using initial tests with a variable M , it was
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found that a reasonably high degree of accuracy in the solutions of the pump 
fields could be obtained with M  =  50 in the PCIP model.
Solving the pump wave equations, the oscillation condition for the free-running 
laser can be obtained:
M
\JR \R 2 exp ^ 2  G* “  a *«*j L exp(2<^ ) =  1 , (4.49)
where <p is the total phase shift of the pump wave in propagating through the 
laser cavity in one complete round trip and is given by
8 L M
V =  (4.50)
M  i= i
The last term in Eq. (4.50) is the detuning introduced by phase-amplitude cou­
pling as characterized by the linewidth enhancement factor /?. The oscillation 
condition (4.49) requires that the total phase shift be some integral multiple of 
2 tt. Eq. (4.50) then becomes
QL M
2k0L =  2 m 7r +  —  J2  Gi , (4-51)
M  fci
where m  is an integer. This defines k0 in the boundary conditions.
The lasing frequency of the pump wave can be found using ko =  ngLJo/c and 
Eq. (4.51) as
fir 1 M
Wo =  W”  +  2 ^ M ? G i ’ (4’52)
where <Jm is the m-th Fabry-Perot mode of the ‘cold’ (or passive) cavity. Eq. (4.52) 
shows that the lasing frequency of the pump wave varies as the current injection 
rate is changed.
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4.4 R esults and D iscussion
In this section, the travelling-wave formulation developed in the previous section 
is applied to analyse NDFWM in laser diodes biased above threshold. A small 
probe injection power of Ptn =  0.02 /iW [27, 28] is assumed to be incident at 
the laser front facet at z — 0. The following parameter values appropriate to 
GaAs/AlGaAs laser diodes are used in the analysis (unless stated otherwise): 
laser volume V  =  (300 //m x 2.0 fim  x 0.2 /cm), reference wavelength Ao =  0.83 
/mi, T =  0.4, a =  3 x 10“ 1 6  cm2, No =  1.1 x 1018 cm-3, /? =  3, t s  =  1 ns, ng =  
4, aint =  20 cm-1, and e =  2.8 x 10~ 13 m2/W  (which corresponds to cn l =  5.0 
x 1 0 - 1 8  cm3).
4.4.1 Longitudinal Variation o f N D F W M  Interaction
The longitudinal variations of electron density and normalized pump intensity in 
the laser cavity are illustrated in Fig. 4.2 and Fig. 4.3, respectively. Laser diodes 
with a constant product of R \R ,2 =  0.09, and hence with the same threshold gain 
(assuming the same internal loss and cavity length), are considered. It should 
be noted that the electron density in each segment is defined only within the 
segment and is left unspecified at the segment boundaries in the PCIP model. 
As a result, the electron density curves in Fig. 4.2 are obtained by plotting and 
connecting the electron density value at the centre point of each segment. By 
comparing Fig. 4.2 and Fig. 4.3, it is observed that the spatial distribution of elec­
tron density is inversely related to that of the normalized pump intensity. This is 
due to the fact that in regions of high pump intensity (or photon density), higher 
stimulated emission is induced. Consequently, the electron density is reduced 
through interband stimulated recombination. The highly inhomogeneous longi­
tudinal distributions of electron density and normalized pump intensity as shown
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Figure 4.2: Longitudinal variations of electron density in the laser cavity for three 
laser devices with different facet reflectivities. R 1R 2 =  0.09 in all cases.
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Figure 4.3: Longitudinal variations of normalized pump intensity in the laser 
cavity for three laser devices with different facet reflectivities. R 1R 2 =  0.09 in all
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Figure 4.4: Amplitudes of normalized carrier density deviation along the longi­
tudinal axis of the laser cavity for three laser devices with different facet reflec­
tivities. J?i X J? 2  =  0.09 in all three cases.
in Fig. 4.2 and Fig. 4.3 demonstrate that the mean-field approximation cannot 
be assumed, especialfy for laser diodes with asymmetric facet reflectivities.
To illustrate the degree of longitudinal non-uniformity in the NDFWM inter­
actions, the amplitudes of the normalized carrier density deviation Ann along 
the 2  axis for three laser devices with different facet reflectivities are plotted in 
Fig. 4.4. Significant longitudinal non-uniformity is observed in the carrier density 
deviation distribution, especially for laser diodes with highly asymmetric facet 
reflectivities. In as much as it is the carrier density fluctuations which drive the 
NDFWM process it is to be expected that such longitudinal carrier variations 
will influence achievable phase conjugate reflectivities in these devices. Further­
more, it is observed that the carrier density deviation is the largest in the device 
with low-reflective front facet and high-reflective rear facet. It is therefore to be
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Figure 4.5: Evolution of normalized conjugate intensity along the longitudinal 
axis of the laser cavity. Solid curves are obtained with the PCIP model whereas 
dashed curves are obtained with the uniform-gain model.
expected that the efficiency of optical phase conjugation is enhanced in devices 
with R i < and with the probe injection incident at the low reflectivity facet.
The evolution of the counter-travelling conjugate signal intensities along the 
z direction is shown in Fig. 4.5, where the laser facet reflectivities are Ri =  R 2 =
0 .1 . The solid curves are obtained with the PCIP model. The dashed curves 
are obtained with a spatially uniform gain model, in which case a z independent 
normalized average intracavity pump intensity P t  is assumed, which is given by
T t  =  J  l L K ( z ) P  +  K - (z ) | 2  dz =  -  1 , (4.53)R Jo gth
and
gth = + i ln ( i ? k )  (4-54)
is the threshold gain of the laser diode. Significant differences are observed 
between the propagation curves of the conjugate intensity computed with the
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two models when the laser facet reflectivity is small. This is generally true for 
R i = R 2 < 0.3 and for lasers with highly asymmetric facet reflectivities. Sim­
ilar differences are also observed in the values of the probe intensity, although 
the differences between the pump intensities from the two models are less pro­
nounced. Figure 4.5 also shows that the conjugate intensity along the z  axis is 
highly nonuniform and thus the mean field approximation cannot be assumed in 
lasers with low facet reflectivities. The above results demonstrate that longitudi­
nal variations of the internal gain should be taken into account in discussions of 
NDFWM when consideration is given to laser diodes with low and/or asymmetric 
facet reflectivities.
4.4.2 Probe and Conjugate O utput Characteristics
The probe and the conjugate output power at z  =  L  as a function of pump-probe 
frequency detuning are shown in Figs. 4.6(a) and 4.6(b), respectively. The facet 
reflectivities axe R i =  R 2 = 0.3. The solid and the dashed curves correspond 
to (3 =  3 and p  =  4, respectively. Probe and conjugate output power peaks are 
observed at frequency detuning approximately equal to
(4.55)
which corresponds to the relaxation oscillation frequency of the pumped laser.
It is also observed that the conjugate output power curve is symmetric with 
respect to zero pump-probe frequency detuning, whereas the probe output power 
curve exhibits strong asymmetry with higher probe output for negative frequency 
detuning. This agrees well with experimental results of Simpson and Liu [28] 
and also observations in semiconductor optical amplifiers [3, 4]. Such probe gain 
asymmetry was theoretically predicted by Bogatov et al. [35]. The physical origin 
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Figure 4.6: (a) Probe and (b) conjugate output power versus frequency detuning 
for symmetric laser diodes. Pout =  7.73 mW and R\ =  i ?2 =  0.3.
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carrier density affects both the gain and the refractive index of the active region 
in semiconductor lasers [23, 36]. Hence, population pulsations create both gain 
and index gratings simultaneously; the relative contributions of the two gratings 
are governed by the linewidth enhancement factor (3. Figs. 4.6(a) and 4.6(b) 
also show that probe and conjugate output power increase for larger values of 
the linewidth enhancement factor, and confirm the significant contribution of the 
refractive-index grating in the NDFWM process arising from the laxge (3 value in 
semiconductor lasers.
Probe and Conjugate Transm ittivities D ependence on Spontaneous 
Carrier Lifetim e
In a symmetric laser diode (where R \ =  R 2)} the probe (or conjugate) reflectivity 
is the same as the probe (or conjugate) transmittivity. The transmittivity of 
the probe Tp and the conjugate Tc waves as a function of frequency detuning 
are plotted in Figs. 4.7(a) and 4.7(b), respectively, for different values of the 
spontaneous carrier lifetime, rs. Tp and Tc in the range of 30-40 dB can be 
obtained at frequency detunings near the relaxation oscillation frequency, which 
agree well with experimental observations [13].
Because the relaxation oscillation frequency Hr  is inversely related to rs as 
indicated in Eq. (4.55), it is noticed that the FWM bandwidth (frequency range 
in which the conjugate transm ittivity is positive) increases for smaller rs. For fre­
quency detunings well above ?, Tp and Tc decrease rapidly with roll-off rates of 
approximately —20 and —60 dB per-frequency decade, respectively, in accordance 
with experimental results reported in Ref. [13]. In this reference, Fabry-Perot cav­
ity effects are indicated as being responsible for the observed roll-off rates. The 
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Figure 4.7: (a) Probe and (b) conjugate transmittivity as a function of frequency 
detuning for different values of spontaneous carrier lifetime. Ri =  i ? 2 =  0-3.
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ings, the transmittivities are seen to increase again because of the effect of the 
adjacent Fabry-Perot resonance.
Probe and Conjugate T ransm ittivities D ependence on Nonlinear Gain 
Saturation
The dependence of probe and conjugate transmittivities on nonlinear gain satu­
ration are shown in Figs. 4.8(a) and 4.8(b), respectively. It is observed that the 
main effect of nonlinear gain saturation is to damp the resonant enhancement of 
the FWM efficiency near the relaxation oscillation frequency of the pumped laser. 
Furthermore, the probe transm ittivity asymmetry is more pronounced for larger 
values of the gain compression coefficient, whereas the conjugate transmittivity 
is always symmetrical with respect to zero pump-probe frequency detuning. The 
above results suggest that gain saturation plays an important role in the nonlin­
ear spectral dynamics of laser diodes. In particular, FWM interactions in laser 
diodes are attributed not only to the carrier beating, but also to the nonlinear 
gain saturation. By fitting theoretical curves to experimental data, the value of 
e can be deduced from NDFWM experiments [13, 28].
Probe and Conjugate T ransm ittivities D ependence on Optical O utput 
Power
The probe and the conjugate transm ittivity characteristics at different output 
power levels are shown in Fig. 4.9(a) and 4.9(b), respectively, for a symmetric 
laser diode with R\ =  R 2 =  0.3. It is noted that the side transmittivity peaks 
occur at larger frequency detunings as the output power is increased. This is a 
direct consequence of the dependence of the relaxation oscillation frequency on 
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Figure 4.8: (a) Probe and (b) conjugate transmittivity versus frequency detuning 
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Figure 4.9: (a) Probe and (b) conjugate transmittivity versus frequency detuning 
for different output power levels. R x = R 2 = 0.3.
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m ittivity resonance peaks near £ Ir  become less pronounced as the output power 
(or bias current) is increased. This is in agreement with experimental observa­
tions reported in Ref. [27]. The reduction of probe and conjugate transmittivities 
near CIr  is due to the dynamic damping effect arising from the gain saturation 
nonlinearity in semiconductor lasers. As the bias current level is increased, the 
intracavity pump intensity increases, thereby enhances the effect of gain satura­
tion and the damping of the FWM resonance peaks. Notice also that the probe 
transm ittivity is asymmetrical, whereas the conjugate transmittivity is symmet­
rical with respect to zero frequency detuning, as has been discussed in preceding 
paragraphs.
It is also observed from Fig. 4.9(b) that the FWM bandwidth increases, 
whereas the maximum conjugate transm ittivity obtainable decreases, as the out­
put power (or bias current) is increased. Therefore, a trade-off has to be consid­
ered when using NDFWM in applications such as all-optical frequency conversion. 
Larger conversion bandwidth is achievable by biasing the FWM laser diode at 
higher injection current above threshold, whereas higher coversion efficiency is 
obtainable at low injection current above threshold.
No change in the above qualitative behaviours is expected, provided that the 
probe injection power is not too large. Depletion of the gain by the probe and the 
conjugate signals becomes significant when their powers are comparable to the 
pump optical power, and in such an operating regime, changes in the behaviour 
may occur. The present calculations, however, describe the main features relevant 
to existing experimental work [13, 27, 28]. The good agreement between results 
from the present formalism and available experimental results is a confirmation 
of the validity of the theoretical model developed in this work.
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Figure 4.10: Effects of varying the facet reflectivities on conjugate transmittivity 
in symmetric laser diodes. Ri =  =  R- Similar curves are obtained for probe
transmittivity.
4.4.3 Conjugate O utput Enhancem ent in Sym m etric and 
Low Facet R eflectiv ity  Laser D iodes
The effects of varying the facet reflectivity R  = R \ =  R 2 on conjugate transmit­
tivity at a constant injection current density, chosen here to be J/Jo  =  2 .2 , are 
illustrated in Fig. 4.10. For low facet reflectivity, the average intracavity pump 
intensity is reduced because of high mirror losses. The relaxation oscillation fre­
quency of the laser is correspondingly reduced, resulting in the shift of the side 
transm ittivity peaks to smaller frequency detuning. Lower pump intensity also 
means that carrier depletion by the pump wave is decreased, thus enhancing the 
effective gain experienced by the conjugate and the probe waves. Furthermore, 
at low facet reflectivity, the coupling efficiency of the constant probe injection 
power into the laser cavity is increased. Both of these effects contribute to higher
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probe and conjugate transmittivities in laser diodes with low reflectivity facets. 
This nontrivial result can only be found using the present technique in which 
the coupled-wave equations incorporating the resonant-cavity effects and the z 
dependence of the nonlinear interaction are numerically integrated subject to the 
boundary conditions imposed at the laser facets.
It is also observed from Fig. 4.10 that the bandwidth for positive conjugate 
transm ittivity increases as the laser facet reflectivity is reduced. This is purely 
a cavity effect, resulting from the broadening of the Fabry-Perot resonant trans­
mission bandwidth at low facet reflectivities. This explicit dependence of the 
conjugate transmission bandwidth on laser facet reflectivity can be computed, 
again, only by use of the present formalism.
In addition, it is noticed from Fig. 4.10 that the conjugate transmittivity peaks 
near the relaxation oscillation frequency become less pronounced as the facet re­
flectivity R  is increased. This is because increasing the facet reflectivity increases 
the average intracavity pump intensity. This induces larger nonlinear gain sat­
uration and hence leads to enhanced dampings of the conjugate transmittivity 
peaks.
The above results show that enhancement of both the conjugate transmittiv­
ity and the conjugate transmission bandwidth can be obtained in low reflectivity 
laser diodes biased above threshold. Note, however, that higher injection cur­
rent is required for obtaining a given level of output power when the laser facet 
reflectivity is reduced. As a m atter of practicality, there is a limit to the injec­
tion current that one can apply to the laser and hence a limit to how low the 
reflectivity of the facet can be with anti-reflection coating.
The present analysis has thus shown that the bandwidth of FWM in laser 
diodes biased above threshold is dependent not only on the spontaneous carrier
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Figure 4.11: Enhanced conjugate reflectivity in asymmetric facet laser diodes.
lifetime as in travelling-wave amplifiers [4], but also on the relaxation oscillation 
frequency and the facet reflectivities of the pumped laser. It is therefore sug­
gested that experimental investigation could be profitably undertaken on FWM 
effects in low-facet-reflectivity laser diodes with a view to taking advantage of 
the enhancements of both the conjugate transmittivity and the FWM bandwidth 
revealed by the present analysis.
4.4.4 Enhanced Conjugate R eflectiv ity  in A sym m etric  
Facet Laser D iodes
Fig. 4.11 shows the conjugate reflectivity versus frequency detuning for three 
laser devices with different facet reflectivities. The devices considered here have 
the same constant product of R 1R 2 =  0.09, and thus have the same threshold 
gain gth, assuming the same cavity length and internal loss coefficient. As shown
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in Fig. 4.11, a 7-8 dB enhancement of the phase conjugate reflectivity can be 
obtained in the asymmetric laser with Ri = 0 .1  and R 2 =  0.9, compared to the 
symmetric laser (Ri = R 2 — 0.3). On the other hand, a reduction of the conju­
gate reflectivity is obtained if the external probe signal is incident at the high- 
reflectivity facet of the asymmetric laser diode. This observation is consistent 
with the results depicted in Fig. 4.4, in which it was found that the normalized 
carrier density deviation is the largest in the device with low-reflectivity front 
facet and high-reflectivity rear facet, with the external probe injection incident 
at the front facet. The role of carrier density fluctuations in driving the NDFWM 
process is thus clearly demonstrated.
The conjugate reflectivity and the conjugate transm ittivity as functions of Ri 
axe shown in Figs. 4.12(a) and 4.12(b), respectively. The probe signal injection 
is assumed to be tuned to a frequency near the relaxation oscillation frequency 
of the laser. The curves are only defined in the range of R i such that R 2 ~  1 sets 
the limit on the left hand side of each curve and R i ~  1  defines the boundary 
on the right. The cross in each curve represents the point at which R i =  R 2, 
where R c ~  Tc. For R \ < R 2, it is observed that R c >  Tc and vice-versa. As 
the front facet reflectivity is increased, R c decreases. This is because higher 
Ri means less external injection power is coupled into the laser cavity and less 
power is emitted from the front facet because of lower front-facet transmittivity. 
On the other hand, Tc increases up to a maximum, where Ri =  R 2, and then 
decreases as Ri is increased. It is also found that Tc is the same if Ri and R 2 
are interchanged for a constant product of R \R 2. This result means tha t the 
transmitted conjugate output power is the same at whichever facet the probe 
signal is incident. However, the reflected conjugate output power does depend 
on the facet upon which the probe is incident. Fig. 4.12 shows that the highest 
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Ri for asymmetric laser diodes with different threshold gain values.
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reflectivities by injecting the probe signal at the facet with low reflectivity and 
by deriving the conjugate output from the same facet.
The analysis in this section shows that there exist opportunities for enhanced 
phase-conjugate wave generation using highly asymmetric laser diodes. Exper­
imental investigations of such devices would therefore be of some considerable 
interest.
4.5 Conclusion
A theoretical model for cavity-enhanced NDFWM in above-threshold Fabry-Perot 
laser diodes has been described, which takes into account resonant-cavity effects 
and longitudinal variations of both the nonlinear interaction and the gain distri­
bution. The model has, in particular, been applied to investigate optical phase 
conjugation via NDFWM in laser diodes with low and/or asymmetric facet re­
flectivities. The results can be summarised as follows.
• Enhancements of both the conjugate reflectivity and the FWM bandwidth 
can be obtained in symmetric laser diodes with low-reflectivity facets.
• The FWM bandwidth in laser diodes biased above threshold is dependent 
not only on the spontaneous carrier lifetime and the relaxation oscillation 
frequency as have previously been reported [27], but also on the facet re­
flectivities of the Fabry-Perot laser diodes. The explicit dependence of the 
FWM bandwidth on facet reflectivities can only be computed using the 
formalism presented in the present report.
• A 7-8 dB enhancement of the phase conjugate reflectivity can be obtained, 
compared to a symmetric laser, by reducing the reflectivity of the optical
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input facet Ri from 0.3 to 0.1, while maintaining a constant product of 
R i  R 2 -
The importance of incorporating the longitudinal variations of the nonlinear 
interaction and the internal gain distribution in the NDFWM model has been 
established. The model developed here has a wide applicability, and can be used 
to study FWM processes in optical devices with longitudinal structural variations, 
such as multisection laser diodes. Specifically, the model can be utilized to analyse 
FWM in laser diodes used for all-optical frequency conversion. This latter aspect 
is considered in the next chapter.
FWM has recently been identified for effecting a number of functions in high­
speed optical transmission and signal processing systems (see [37] and references 
therein), such as optical demultiplexing, clock recovery, fiber chromatic dispersion 
compensation via spectral inversion, optical sampling [38], and cancellation of 
channel crosstalk [39]. The successful development of optimized laser diodes as 
optical phase conjugators will provide a key component for these applications. 
The asymmetric FP laser diode FWM configuration as proposed in this chapter 
provides a highly efficient means of conjugate signal generation and hence is 
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C hapter 5
O ptical Frequency Conversion  
and Tuning in T w o-Section  
Laser D iodes
5.1 Introduction
All-optical frequency converters and electronical^ frequency tunable laser sources 
are expected to be key components for future optical coherent multicarrier trans­
mission systems, as well as for optical computing and optical signal processing 
applications. In dense wavelength-division-multiplexed (WDM) switching net­
works (for example, interconnection of local area networks), network and system 
oriented functions such as routing, switching, and service segregation axe per­
formed on the basis of the wavelength (or frequency) of the optical carrier [1 , 2 ]. 
In such a system, the role of the frequency converter is to transform the incoming 
data signal at a given optical carrier frequency into an image signal at a different 
carrier frequency. At the transm itter and the receiver ends of the system, mono- 
lithically integrated, electronically wavelength tunable laser diodes are needed for 
a variety of applications, such as frequency modulation (FM) of lasers and local 
oscillator tuning for coherent detection schemes.
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The most straight forward way for effecting optical frequency conversion is 
optoelectronic conversion using a heterodyne receiver and an optical transmitter. 
Several techniques have been proposed and demonstrated to perform all-optical 
frequency conversion, for example,
• nearly degenerate four-wave mixing (NDFWM) in laser diodes [3]-[5j and 
laser amplifiers [6]-[9],
• cavity-enhanced highly nondegenerate FWM in laser diodes [10]—[13], and 
highly nondegenerate FWM in laser amplifiers [14]—[18],
• saturable absorption in bistable multisection distributed feedback (DFB) 
lasers [19]—[21] and distributed Bragg-reflector (DBR) lasers [22]—[24],
• nonlinear gain saturation effect in laser amplifiers [25]—[27] and DBR lasers
[28], and
• optically-controlled refractive index change in laser diodes [29] and laser 
amplifiers [30] utilizing Mach-Zehnder interferometer.
In particular, all-optical frequency conversion based on NDFWM in laser diodes 
and laser amplifiers has been widely studied and shown to be very promising
[3]-[9] for use in optical coherent multicarrier communication systems.
On the other hand, wavelength tuning in semiconductor lasers can be achieved 
by varying the injected carrier density in the active region through variation 
of the bias current. Variation of carrier density induces a change in both the 
refractive index and the gain of the active region; the change in refractive index 
is attributed to the carrier-induced shift of the absorption edge and the plasma 
resonance frequency, whereas changes of the carrier inversion populations affect
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the gain. A change in the refractive index of the laser gain medium shifts the 
cavity resonance wavelengths.
In a conventional single-electrode laser diode biased above threshold, the 
modal gain is approximately clamped, save for the spontaneous emission, at 
a value determined by the cavity losses. Consequently, the electron density is 
clamped at its lasing threshold value, resulting in a limited wavelength tuning 
range in a single-electrode laser diode. Multi-electrode laser diodes have been ex­
tensively studied recently as wavelength tunable optical transmitters because of 
the ability to vary the electron density distribution in the laser cavity, and hence 
the lasing wavelength, over a relatively large range by inhomogeneous pumping. 
Several reports have concentrated on the use of multi-electrode DFB [31] or DBR
[32] laser diodes as wavelength tunable laser sources. On the other hand, there has 
also been some effort in developing a much simpler device, the two-section single­
cavity (TSSC) Fabry-Perot (FP) laser diode, as a wavelength tunable optical 
transm itter [33, 34]. The potential of the TSSC FP laser diode as a single lon­
gitudinal mode, wavelength tunable laser source suitable for high density WDM 
transmission systems has been experimentally demonstrated in recent studies by 
Chawki et al. [35, 36]. Furthermore, it was proposed that the ‘gain-lever’ effect
[37], based on the highly sublinear optical gain versus carrier density character­
istics of quantum wells (QW’s) and gain clamping above lasing threshold, can 
substantially enhance the wavelength tunability of two-section laser diodes [38].
In the previous chapter, a model for cavity-enhanced NDFWM in above­
threshold laser diodes has been described. The model takes into account the 
longitudinal variations of the nonlinear wave-mixing interaction and the gain dis­
tribution, and thus has a wide applicability. The model can, in particular, be 
used to study the all-optical frequency conversion characteristics by NDFWM of
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laser diodes with asymmetric facet reflectivities and other longitudinal structural 
variations. In this chapter, the NDFWM model is extended and used to inves­
tigate the frequency conversion characteristics of asymmetric laser diodes with 
two active sections. In addition, a travelling-wave formulation is developed to 
investigate the wavelength tuning characteristics of a two-section, gain-levered 
Fabry-Perot QW laser diode, taking into account the longitudinal variations of 
the carrier and the photon densities in the laser cavity. The piece-wise constant 
inversion population (PCIP) model introduced in the previous chapter is used in 
the numerical solution of the photon and the carrier density conservation equa­
tions to obtain the wavelength tuning characteristics of a TSSC gain-levered QW 
laser diode.
5.2 A ll-O ptical Frequency Conversion using N D ­
FW M
5.2.1 Introduction
A conceptual model of all-optical frequency conversion using FWM in laser diodes 
and semiconductor laser amplifiers is depicted in Fig. 5.1. In the case of a laser 
diode biased above threshold, the intracavity pump signal PO at angular frequency 
wo is provided by the laser field, whereas for a laser amplifier, a high power exter­
nal pump source is used. An optical data signal SI at a probe carrier frequency 
is injected into the laser diode or laser amplifier. A frequency-converted replica of 
the injected data signal is generated by FWM at the conjugate carrier frequency 
uj2 =  2 cj0  — cl?i [8 ]. The data signal is thus converted from a carrier frequency 
to a different carrier frequency u>2, with a conversion bandwidth of 217, where 
fl = u>i — u>o is the frequency detuning between the pump and the probe waves.
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Figure 5.1: Conceptual model of all-optical frequency conversion using FWM in 
laser diodes and laser amplifiers. C2 is the spectrum of the frequency-converted 
replica of the input data Si, generated via NDFWM interaction.
Broadband optical frequency conversion can be realized using cavity-enhanced 
highly nondegenerate FWM in laser diodes [10]—[13] or highly nondegenerate 
FWM in laser amplifiers [14]—[18]. Cavity-enhanced highly nondegenerate FWM 
refers to wave-mixing interaction in Fabry-Perot cavities in which each of the 
pump, probe and conjugate waves coincides with a cavity mode. The physical 
mechanism giving rise to highly nondegenerate FWM is nonlinear gain saturation
[39] with an effective characteristic time of 0.1-1.0 ps. Based on this ultrafast op­
tical nonlinearity, optical frequency conversion with bandwidth of a few terahertz 
(1012 Hz) can be achieved using highly nondegenerate FWM.
On the other hand, optical frequency conversion using nearly degenerate four- 
wave mixing (NDFWM) is suitable for the application of dense frequency-domain 
multiple access systems. In this respect, NDFWM in laser diodes biased above 
threshold [3]-[5] is of particular interest because very high frequency conversion 
efficiencies (or conjugate reflectivities) of order 30-40 dB [40] can be achieved 
owing to the combined effects of optical gain and resonant cavity feedback. Fur-
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thermore, the effective frequency conversion bandwidth using NDFWM in a laser 
diode is determined mainly by the laser’s relaxation oscillation frequency, and 
highly efficient frequency conversion with bandwidth of up to 30 GHz can be 
achieved by biasing the laser diode well above threshold [3]. In contrast, a con­
version efficiency of up to 8.3 dB and a maximum conversion bandwidth of 12 
GHz were reported in the case of NDFWM in a travelling-wave amplifier [7].
Because the NDFWM process is effected by the dynamic modulation of carrier 
density in the laser cavity, it is of interest to investigate the influence of longi­
tudinal nonuniformity of carrier density resulting from inhomogeneous pumping 
on the NDFWM efficiency. In this section, all-optical frequency conversion using 
NDFWM in two-section single-cavity laser diodes with asymmetric facet reflectiv­
ities is studied theoretically. It is demonstrated that, under appropriate biasing 
conditions, a two-section laser device exhibits a uniform frequency conversion 
efficiency response over a frequency detuning range of more than 10 GHz. En­
hancement of frequency conversion bandwidth and efficiency can simultaneously 
be achieved by injecting the probe signal at and deriving the conjugate output 
from the low-reflectivity facet of an asymmetric two-section laser diode.
5.2.2 Frequency Conversion in a T w o-Section  Laser D iode
A schematic diagram of a two-section laser diode is shown in Fig. 5.2. h is the 
fraction of the total laser cavity length occupied by section a, and is chosen here 
to be h =  0.2. The two active sections are pumped differently with injection 
current densities Ja and J&, respectively, which are normalized to the current 
density at transparency, J0. The laser is assumed to oscillate in a single transverse 
and longitudinal mode providing the intracavity pump wave at frequency ujq. A 
collinear probe wave at frequency uo\ is injected into the pumped laser through
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Figure 5.2: Schematic diagram of a two-section single-cavity laser diode for optical 
frequency conversion using NDFWM. The subscript j  = 0,1,2 corresponds to the 
pump, the probe and the conjugate waves, respectively.
the front facet with power facet reflectivity R\ at z  =  0. The mixing of the 
intracavity waves modulates the carrier density at the beat frequency ft and 
generates a conjugate wave at frequency through NDFWM.
The nonlinear interaction of the intracavity normalized complex slowly-varying 
fields, Aj~(z) and A~(z), along the cavity axis z  is described by the coupled-wave 
equations as given in Sec. 4.2 of the previous chapter. The subscript j  =  0 , 1 , 2  
corresponds to the pump, the probe and the conjugate waves, respectively. The 
coupled-wave equations are solved numerically subject to the boundary conditions 
at the two laser facets. The numerical solution technique and laser parameter 
values are as given in the previous chapter.
The frequency conversion efficiency (or conjugate reflectivity) is defined as the 
ratio of the conjugate wave output power from the front facet (at z =  0 ) to the 
probe injection power at the same facet, ie.,
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Figure 5.3: Frequency conversion efficiency versus frequency detuning for three 
different biasing conditions of a symmetric laser diode with R i =  R 2 =  0.3.
The effective frequency conversion bandwidth is defined as the frequency range 
in which the frequency conversion efficiency is positive (ie., with positive gain 
over the input probe power).
5.2.3 Frequency Conversion Characteristics of Sym m et­
ric T w o-Section  Laser D iodes
Fig. 5.3 shows the frequency conversion efficiency versus frequency detuning curves 
for three different current pumping conditions of a symmetric laser diode with 
Ri =  i ?2 =  0.3. Curve (a) corresponds to homogeneous pumping with Ja = Jb =
2.20. Curves (b) and (c) correspond to Ja =  2.25, Jb = 2.19 and Ja =  2.15, Jb =
2.21, respectively. In all the cases the pump output power per-facet is the same 
at Pout = 7.73 mW.
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It is observed from Fig. 5.3 that the frequency conversion efficiency versus 
frequency detuning curve is symmetrical with respect to zero frequency detun­
ing. When the two sections are biased at different injection current levels (curves
(b) and (c)), the conversion efficiency decreases. Because of the carrier-induced 
refractive index change, the nonuniform distribution of carrier density between 
the two sections resulting from inhomogeneous pumping induces different phase 
shifts when the intracavity fields propagate through the device. The phase mis­
match inhibits injection-locking around zero frequency detuning for small probe 
injection power (which, in accordance with Ref. [41], is assumed to be 0.02 //W 
in the present analysis) when the two sections are pumped differently.
It is also observed that the resonant peaks of the conversion efficiency near 
the relaxation oscillation frequency is enhanced when the probe injection is inci­
dent at the higher gain section (curve (b)) whereas the resonant peaks axe highly 
damped when the probe injection is incident at the lower gain section (curve
(c)). A uniform frequency conversion efficiency response can thus be obtained 
using a two-section laser diode with the probe injection incident at the low-gain 
section. The uniform conversion efficiency over a frequency detuning range of 
more than 10 GHz as revealed by the present analysis is important for distortion­
less frequency conversion of wide-band signals. It should however be pointed out 
that only slightly inhomogeneous current pumping is considered in our analysis. 
When the two sections are pumped with highly different currents, the wavelength 
dependence of the gain in the two sections may need to be taken into account.
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Figure 5.4: Frequency conversion efficiency versus frequency detuning curves. 
Curve (a) is for a symmetric laser diode, whereas curves (b) and (c) are obtained 
for a asymmetric laser diode with R \ =  0.1 and R 2 =  0.9. Current injection 
condition for each curve is the same as the corresponding curve in Fig. 5.3.
5.2.4 Frequency Conversion C haracteristics o f A sym m et­
ric T w o-Section  Laser D iodes
Fig. 5.4 shows the frequency conversion efficiency versus frequency detuning curves 
with the same corresponding biasing conditions for curves (a), (b) and (c) as in 
Fig. 5.3. However, curve (a) is obtained for a symmetric laser with R\ =  R i =  
0.3, as in Fig. 5.3, but curves (b) and (c) are obtained for a asymmetric laser 
diode with R \ = 0 .1  and R 2 =  0.9. Note that the product R 1R 2 , and hence the 
threshold gain are the same in all three cases.
By comparing curves (b) and (c) from Fig. 5.3 and Fig. 5.4, it is found that 
frequency conversion efficiency enhancements of 7-8 dB can be obtained using 
asymmetric-facet laser diodes rather than symmetric laser diodes. In addition, 
frequency conversion bandwidth is also enhanced from 2 0  GHz in a symmetric
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laser to 26 GHz in a asymmetric laser diode. Higher conversion bandwidth is 
possible by biasing the laser diodes with higher injection currents above threshold.
It is therefore established that the frequency conversion bandwidth in laser 
diodes is dependent not only on spontaneous carrier lifetime and relaxation os­
cillation frequency as has previously been reported [41], but also on the facet 
reflectivities of the laser diodes. The present analysis demonstrated that a uni­
form conversion efficiency response could be obtained in a two-section laser diode 
by injecting the data (probe) signal at the low-gain section. Enhancement of fre­
quency conversion bandwidth and efficiency can simultaneously be achieved by 
applying anti-reflection (AR) coating to the input facet at the low-gain section, 
and deriving the conjugate output from the same facet of a asymmetric two- 
section laser diode. Utilizing the flat frequency conversion efficiency response in 
an inhomogeneously-pumped and asymmetric-facet laser diode, highly efficient 
optical frequency conversion (with approximately 30 dB amplification over the 
probe input power) of wide-band (few Gbit/s) signals could be achieved without 
pattern distortion which may otherwise arise because of the peak and trough in 
the conversion efficiency response typical of single-electrode laser diodes. The 
experimental verification of these predictions would appear to be a worthwhile 
tests.
5.3 W avelength Tuning in Tw o-Section Laser 
D iodes
5.3.1 Introduction
Monolithically integrated, electronically tunable laser diodes are essential compo­
nents for future coherent and high density multiple access WDM communication
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systems. In particular, two-section single-cavity (TSSC) Fabry-Perot (FP) laser 
diodes are very attractive as wavelength tunable optical transmitters [33, 34] be­
cause of their much simpler device structures as compared to multielectrode DFB 
or DBR lasers [31, 32]. Recently, single-longitudinal-mode TSSC FP laser diodes 
(with 20 dB side-mode suppression ratios) have been developed [35] and their 
potential as wavelength tunable optical transmitters has been demonstrated in a 
1.5 G bit/s FSK transmission experiment by Chawki et al. [36].
Previous studies of TSSC FP laser diodes as wavelength tunable optical sources 
[33, 34] have used average values of carrier and photon densities in each of the two 
separately-pumped sections of the laser devices. In this section, a formulation 
is developed to investigate the wavelength timing characteristics of a TSSC FP 
gain-levered QW laser diode, taking into account longitudinal variations of the 
carrier and the photon densities in the laser cavity. The model can, in particu­
lar, be used to study the wavelength tunability of laser diodes with low and/or 
asymmetric facet reflectivities, in which case the carrier and the photon density 
distributions are highly nonuniform along the laser longitudinal axis. It will be 
shown using the present formulation that the carrier and the photon densities 
are highly nonuniform even within each of the two separately-pumped active sec­
tions, especially for a asymmetric laser diode. As a result of these longitudinal 
inhomogeneities, it is demonstrated that, depending on the biasing conditions 
of the two active sections, asymmetric laser diodes exhibit an enhancement or 
reduction of wavelength tunability compared to that of symmetric lasers.
Fig. 5.5 shows a schematic two-section laser structure together with a optical 
gain versus carrier density curve typical of QW material. The fractional length 
of the sections is devised to optimize the tuning range of gain-levered QW laser 
diodes in accordance with Ref. [38] such that h — 0.7. When, as shown in Fig. 5.5,
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Figure 5.5: Schematic diagram of a two-section laser diode together with a gain 
versus carrier density curve typical of QW material. gth and Nth are the threshold 
gain and threshold carrier density, respectively. Ri and i?2 are the front and the 
rear facet power reflectivities of the laser, respectively.
the two sections are biased above transparency the overall modal gain is approx­
imately clamped at a value determined by the cavity losses. This means that 
changes in the gain associated with one section of the device must be compen­
sated by an equal and opposite change in the gain of the other section. Because 
of the highly sublinear nature of the gain versus carrier density characteristic of 
the quantum wells, a small change in carrier density in the low-gain section will 
lead to a much larger swing in carrier density in the high-gain section, so as to 
satisfy the gain clamping condition. The large change in average carrier density 
produced by this ‘gain-lever’ effect [37] causes a large change in the refractive 
index of the FP cavity, thereby shifting the lasing wavelength of the laser device.
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5.3.2 Form ulation
A Fabry-Perot approach incorporating the counter-travelling photon fluxes in 
the laser cavity is used to determine the lasing wavelength and the output power. 
Since the phase-coupling interaction of the intracavity travelling waves is not re­
quired here (in contrary to the case of FWM as discussed in the previous chapter), 
it is numerically simpler to deal with photon fluxes (per unit area per unit time) 
rather than optical fields. Note, however, that the phase information needed 
to calculate the FP resonance wavelengths is retained in the present model, as 
will be explained in the following paragraphs. To solve for the photon and the 
carrier densities, an iterative method based on the piecewise constant inversion 
population (PCIP) model as described in the previous chapter is used.
The photon conservation equations for the counter-travelling fluxes can be 
written as
^  =  G (N )P  + i  p R J N ) , (5.2)
^  =  -G (N )Q  -  l-  W . p ( N )  , (5.3)
where P (z)  and Q(z) are the forward (+z) and backward (—z) travelling photon 
fluxes, respectively, and G (N) =  Tg(N) — a,-nt. A sublinear peak gain of the form
[42]
g(N ) = gm  In ( ^ )  , (5.4)
and a bimolecular recombination R sp =  B r A 2, which are appropriate for QW 
structures [38] are assumed in the analysis. The photon density S(z) (per unit 
volume) is obtained by the superposition of the two travelling fluxes:
S(z) =  [ P{z) +  Q(z) ] h i  ■ (5.5)
The description of symbols and parameter values are listed in table 5.1.
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Parameter Symbol Value Unit
Spontaneous emission factor P 1 0 - 4
Effective mode confinement factor r 0.06
Effective internal loss &int 500 n r 1
Gain coefficient 9N1 1.5 x 105 m "1
Transparency carrier density N 0 1.5 x 1024 m~3
Bimolecular recombination coefficient B r IQ-16 m3s_1
Group velocity V9 8.1 x 107 ms-1
Laser cavity length L 300 jim
Differential refractive index S n /6 N 8.0 x 10~27 _3m
Effective refractive index n 3.21
Table 5.1: List of symbol definitions and parameter values
In the PCIP model, the carrier density, iVm, in the m-th segment within z  =  
Zm and z — Zm+\ is assumed constant. Therefore, Eqs. (5.2) and (5.3) have 
analytical solutions of the form
P (z) = P (Z m) exp[Gm(z -  Zm)\ +  {exp[Gm(z -  Zm)\ -  1 } ,(5.6)
ZLrm
Q(z) = Q(Zm) exp[-G m(z -  Zm)] -f {exp[-G m(z -  Zm)\ -  1 } (5.7)
"  CTttx
The continuity of P (z)  and Q(z) in each segment boundary is enforced, whereas 
their derivitives may be discontinuous.
The carrier conservation equation is written in the form
^  =  9 m { P m  4" Q r n )  4" R s p , m  •> ( 5 * 8 )
where e is the electronic charge, d is the total well thickness, P m and Qm are the 
average values for the +z and —z  travelling photon fluxes in the m-th segment, 
respectively. The average value P m is defined as
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where AL =  L /M  is the segment width, (m =  (3RSp,m/(2Gm), and Qm is similarly 
defined. M  =  60 is the total number of segments in the PCIP model.
Eqs. (5.6)—(5.9) are then solved self-consistently subject to the boundary con­
ditions at the two laser facets:
P (z  =  0) =  Q(z =  0) , (5.10)
Q{z =  L) = R 2 P ( z  =  L) . (5.11)
Using the PCIP model, the computational algorithm proceeds as described in the
previous chapter.
Because we are interested mainly in the effects of longitudinal variations of 
carrier density on wavelength tuning characteristics of one lasing mode, only
single longitudinal mode operation is considered in the present study. Multi­
longitudinal mode operation can be extended in the PCIP model in a straight 
forward way as in Ref. [43], but at the expense of significant increase in compu­
tation time.
The lasing wavelength, A, of the laser device is obtained from the Fabry-Perot 
phase-closure condition as given by
A T M
k2 = M^lni, 5^'12)
where k is an integer and n is the refractive index, which is dependent on the 
carrier density, N  in the form
f a  . r  / vn =  n -  —  N  . (5.13)
The above two expressions account for wavelength tuning resulting from the 
carrier-dependent refractive index change, Sn/SN , which is unique for semicon­
ductor lasers.
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The above analysis recognizes the laser device as a FP resonator containing 
an active amplifying medium. The effects of the resonant cavity, and thus the 
phase information required for the calculation of the lasing wavelength, are ac­
commodated in the analysis through the boundary conditions at the laser facets 
and the phase-closure condition.
In the following, analysis is carried out for InGaAs-InGaAsP separate- con­
finement heterostructure multi-quantum well (SCH-MQW) laser diodes with four 
QW’s and well width of 80 A for operation at 1.55 fim  wavelength. Other pa­
rameter values are given in table 5.1.
5.3.3 Nonuniform  Carrier and P hoton  D ensity  D istribu­
tions in T w o-Section  Laser D iodes
To illustrate the degree of longitudinal non-uniformity, the carrier and the pho­
ton density distributions along the z axis axe plotted in Figs. 5.6(a) and 5.6(b), 
respectively, for three laser devices with different front facet reflectivities. The 
product R 1R 2 =  0.09, is the same for all three devices. The two active sections 
are biased such that Ja =  2 kA /cm 2 and J& =  5 kA /cm 2, respectively. It is 
noted that the constant carrier density in each segment is defined only within the 
segment and is left unspecified at the segment boundaries in the PCIP model. 
Consequently, the carrier density curves in Fig. 5.6(a) are obtained by plotting 
and connecting the carrier density at the centre point of each segment.
It is observed in Figs. 5.6(a) and 5.6(b) that the carrier and the photon densi­
ties are significantly nonuniform along the laser cavity, especially for laser diodes 
with asymmetric facet reflectivities. It is also noted that the carrier density distri­
bution within the high-gain section is particularly nonuniform, thus showing the 
importance of incorporating longitudinal variations of carrier density even within
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Figure 5.6: (a) Carrier density and (b) photon density distributions along the z 
axis in two-section laser diodes with different front facet reflectivities. R 1R 2 = 
0.09.
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the two separately-pumped active sections. More importantly, the carrier density 
distribution is significantly different among the three laser devices, especially in 
the high-gain section. In as much as it is the average change in electron density 
along the length of the cavity that gives rise to the lasing wavelength shift, it is 
to be expected that such differences in the electron density profiles will affect the 
wavelength tunability characteristics of the three laser devices considered here.
Carrier diffusion effects would be expected to modify the longitudinal variation 
of the carriers, particularly near the interface between the two active sections. 
However, with typical diffusion lengths of the order of a few microns, the modi­
fication of the carrier profile would not be expected to be substantial. In conse­
quence, it is expected that the present model will give quite accurate predictions 
of both qualitative and quantitative response of the laser devices.
5.3.4 W avelength Tuning C haracteristics o f T w o-Section  
Laser D iodes
To determine the relation between device configuration and wavelength tunability, 
the average electron density, TV, versus injection current, J a, is shown in Fig. 5.7 
for three laser devices with different front facet reflectivities. In each case, as Ja is 
varied, the injection current into the second section, J&, is changed simultaneously 
so that the total output power remains constant -  chosen here to be 1.2 mW. 
When Ja is set at a level just above transparency, represented by the left hand 
limit of the curves, TV is at the maximum. TV decreases as Ja is increased above 
transparency. The minimum TV occurs when Ja «  Jb. TV starts to increase again 
when Ja >  Jb. It is thus concluded that a larger change in average electron 
density (slope of the curves in Fig. 5.7) can be obtained with a inhomogeneously- 
pumped (two-section) laser diode compared to a uniformly-pumped laser (where
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Figure 5.7: Average electron density in the laser cavity as a function of injection 
current density, Ja. RiR? =  0.09 in all cases.
the gradient of the curves is zero at Ja ~  Jb).
Furthermore, it is observed that an increase in the average electron density 
can be obtained in a asymmetric laser, compared to a symmetric laser (R i = 
R 2 ), if the facet at the low-gain section is anti-reflection (AR) coated; whereas 
a reduction in N  results if the facet at the low-gain section is high-reflection 
(HR) coated. This observation can be explained in a physically intuitive way 
as follows. It is recalled that the gain-lever effect relies on the different gains 
associated with differing carrier densities in the two sections of the device. The 
use of asymmetric-facet structures can result in an enhanced gain-lever effect 
when the difference between the carrier densities in the two sections is increased. 
Conversely, a reduced gain-lever effect will be obtained if the carrier density 
difference is decreased. An increase in carrier density difference is obtained when 
the facet at the low-gain section is AR coated and the facet at the high-gain
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Figure 5.8: Wavelength shift relative to the wavelength at Ja =  J&, as a function 
of injection current density, Ja.
section is HR coated. Then because of the nonuniform photon distribution in 
the asymmetric cavity, the low-gain carrier density is decreased whilst the high- 
gain carrier density is increased. An enhanced gain-lever effect is thus obtained. 
Similarly, a reduced gain-lever effect is found when the low-gain facet is HR 
coated and the high-gain facet is AR coated.
As a result of the change in average electron density arising from inhomoge­
neous pumping of a two-section gain-levered laser diode, the lasing wavelength is 
shifted from that of the case when the laser is uniformly pumped. Fig. 5.8 shows 
the wavelength shift relative to the wavelength at Ja =  J\, =  5 kA/cm2, obtained 
with identical parameters as in Fig. 5.7. The negative wavelength shift in Fig. 5.8 
is due to the fact that an increase in N  because of inhomogeneous pumping of 
the laser device causes a decrease in the refractive index, thereby blue-shifted (to 
shorter wavelength) the lasing wavelength from that of the uniformly-pumped
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Figure 5.9: Wavelength shift enhancement of asymmetric two-section laser diodes 
over the symmetric laser.
case. Since the average electron density change is different in the three laser 
devices considered here, it is as expected to note that significant differences exist 
in the wavelength shift among the three laser devices.
5.3*5 Enhanced W avelength Tunability in A sym m etric  
T w o-Section Laser D iodes
To see how the facet coating influences the wavelength tunability, the difference 
in wavelength shift of the asymmetric lasers over that of the symmetric case 
(Ri = R 2 = 0.3) is shown in Fig. 5.9. For Ja < Jb, enhancement of wavelength 
shift relative to the symmetric laser can be obtained in the laser diode with Ri =  
0.1 and R 2 =  0.9, whereas reduction of wavelength shift (negative enhancement) 
is obtained in the laser with R\ =  0.9 and R 2 =  0.1. The reverse is true for 
Ja > Jb, with a cross-over between the curves at Ja = Jb = 5 kA/cm2, at which 
point the relative wavelength shift is zero for all three laser devices (as in Fig. 5.8).
5.4 Conclusion 124
It has thus been demonstrated that enhancement of wavelength shift can be 
achieved in a asymmetric two-section gain-levered QW laser diode by AR coating 
the facet at the low-gain section and HR coating the facet at the high-gain section. 
A maximum wavelength shift enhancement of about 4 A can be obtained in 
asymmetric gain-levered QW laser diodes. Experimental investigations of such 
devices will therefore be of some considerable interest with a view to taking 
advantage of the enhanced wavelength tunability for utilization in wavelength 
tunable laser sources. The ability to vary the average electron density over a 
large range in a asymmetric gain-levered QW laser may also result in an enhanced 
frequency modulation (FM) response, making it suitable for use as a FM optical 
transmitter.
5.4 Conclusion
All-optical frequency conversion using NDFWM in two-section single-mode laser 
diodes with asymmetric facet reflectivities has been studied theoretically based on 
a travelling-wave coupled-mode formalism. An important feature of the coupled­
mode analysis of NDFWM in the spatial domain is that it allows comparisons 
to be made of optical probe injection into either section of a two-section laser, 
and/or into either facet of a asymmetric laser. This would not be possible in 
models which used the mean field approximation [3]—[5], [41]. In particular, the 
present analysis demonstrated that
• a uniform frequency conversion efficiency can be obtained over a frequency 
detuning range of more than 10 GHz by injecting the probe signal into the 
low-gain section of a two-section laser diode, and
5.4 Conclusion 125
• enhancement of frequency conversion bandwidth and efficiency can simul­
taneously be achieved by applying anti-reflection (AR) coating to the input 
facet at the low-gain section, and deriving the converted conjugate output 
from the same facet of a asymmetric two-section laser diode.
It is also pointed out that the uniform conversion efficiency response can be 
utilized in distortionless optical frequency conversion of wide-band signals.
A theoretical model has also been developed to study the wavelength tun­
ing characteristics of asymmetric gain-levered FP QW laser diodes, which takes 
into account longitudinal variations of the photon and the carrier density dis­
tributions in the laser cavity. The carrier density has been shown to be highly 
nonuniform even within the two separately-pumped active sections, thus justi­
fying the need to incorporate longitudinal variations of carrier density in the 
model. The present analysis demonstrated that enhancement of wavelength tun­
ability could be achieved in a asymmetric laser diode over that of a symmetric 
laser by applying AR coating to the facet at the low-gain section and applying 
high-reflection (HR) coating to the facet at the high-gain section.
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C hapter 6
Intersubband Population  
Inversion in Coupled Q uantum  
W ell Structures
6.1 Introduction
The advent of advanced semiconductor growth techniques such as molecular beam 
epitaxy (MBE) and metalorganic chemical vapour deposition (MOCVD) has 
made possible the fabrication of novel material structures with tailored electron­
ics and optical properties. Most notable among these are ultrathin semiconductor 
heterostructures such as multiple quantum wells (MQW) and superlattices. The 
physics and applications of these reduced-dimensionality structures [1] have been 
extensively studied recently in light of the possibility of developing a new gener­
ation of quantum electronic and optical devices.
The electromagnetic energy that covers the wavelength region of «  1-1000 fim  
is often called infrared radiation. Infrared radiation is usually divided into a mid- 
infrared region (1-30 //m) and a far-infrared region ( > 3 0  /mi). Despite great 
potential applications in medicine, spectroscopy, radio astronomy, space-based 
communications, remote sensing, and pollution monitoring, infrared wavelengths
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remain among the most underdeveloped electromagnetic spectra. The lack of 
instrumentation in this spectral regime is mainly due to the fact that the tera­
hertz frequency (or infrared wavelength) range falls between two other frequency 
ranges in which conventional semiconductor devices have been successfully em­
ployed. On the lower frequency spectra end of the infrared is the microwave and 
millimeter-wave frequency range, and on the higher frequency spectra end is the 
near-infrared and optical frequency range. Semiconductor devices which utilize 
the classical diffusive and drift transport of electrons, such as diodes and transis­
tors, have a high frequency limit of a few hundred gigahertz. On the other hand, 
semiconductor devices based on interband transitions, such as laser diodes, are 
limited to frequencies corresponding to the semiconductor bandgap energy, which 
is higher than 10 THz for most bulk semiconductors. Therefore, there exists a 
large frequency range from 100 GHz to 10 THz in which very few solid-state 
devices are available.
In this and the next chapter, the feasibility of extending the stimulated emis­
sion spectra of semiconductor lasers (fabricated using III-V  materials) to the 
infrared wavelength range is explored. The possibility of infrared laser emission 
utilizing intersubband transitions and tunnelling in semiconductor superlattices 
was first proposed more than twenty years ago by Kazarinov and Suris [2]. The 
report by West et al. of the first observation of an extremely large dipole infrared 
transition between quantum well (QW) subbands [3] has spurred extensive re­
search efforts on the optical properties of semiconductor coupled QW structures 
and superlattices in the infrared wavelength range. Spontaneous intersubband ra­
diative emission in GaAs-AlGaAs superlattices was first observed and reported 
by Helm et al. [4, 5]. Extremely large dipole infrared intersubband transitions in 
GaAs-AlGaAs step QW’s have also been observed in an absorption spectroscopy 
experiment [6]. Recently, infrared photodetectors based on intersubband absorp­
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tions in QW structures have been extensively studied and successfully imple­
mented for wavelengths in the range of 4-12 p.m [7, 8]. In view of the many 
potential applications in the infrared wavelength regime, it is of considerable in­
terest to achieve the reverse process of coherent stimulated intersubband radiative 
emission for possible realization of infrared semiconductor lasers, fabricated us­
ing the III-V  material systems such as GaAs and InGaAs because of their well 
developed technologies and the possibility of optoelectronic integration.
In order to obtain coherent infrared lasing from intersubband transitions, it is 
necessary to achieve a sufficiently high degree of intersubband population inversion 
at a reasonably low pumping. This represents a major challenge because of the 
overwhelming contribution of nonradiative phonon emission, which depopulates 
the upper subband of the lasing transition at a very fast rate. Many schemes 
have been proposed to achieve intersubband population inversion, most of which 
concentrate on current injection pumping [9]—[25], while a few approaches focus 
on optical pumping using a CO2 laser source [26]—[28].
In this chapter, the possibility of achieving intersubband population inversion 
in coupled triple-QW structures using injection current pumping is theoretically 
studied. A carrier transport model incorporating the relevant physical mecha­
nisms of resonant tunnelling and intersubband absorption-emission processes is 
described [23]. Based on this carrier transport model, the intersubband popula­
tion inversion is explicitly calculated as a function of the injection current density 
at different operating temperatures. Previous theoretical studies [12, 18] on the 
feasibility of intersubband infrared lasers in resonant tunnelling QW structures 
have assumed a simple relation between the intersubband population inversion 
and the injection current density, without taking into account resonant tunnelling 
and intersubband emission-absorption processes in the electron transport dynam­
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ics.
Very recently, room temperature intersubband electroluminescence at wave­
length A =  5 fim was reported by Faist and co-workers [29]. More significantly, an 
intersubband semiconductor laser operating at A =  4.3 / i m  and at temperatures 
of up to about 125 K [30] was also demonstrated. This new MQW intersubband 
laser is referred to as the ‘quantum cascade’ laser, which utilizes tunnelling to 
achieve intersubband population inversion. The demonstration of the quantum 
cascade laser should, it is argued, be seen as providing an invaluable proof-of- 
concept demonstration of intersubband lasing. This observation of intersubband 
lasing has also clearly demonstrated the feasibility of tunnelling current injec­
tion pumping for use in an intersubband infrared laser structure. It is apparent, 
however, that much device development work is required to both raise the op­
erating temperature of the intersubband lasers and to achieve lasing at longer 
wavelengths.
6.2 Intersubband Transitions in Coupled QW  
Structures
In this section, fundamental concepts of semiconductor coupled QW structures 
and intersubband transitions related to the achievement of intersubband popula­
tion inversion are discussed.
6.2.1 Coupled QW  Structures and Superlattices
Fig. 6.1 shows a semiconductor single quantum well (SQW), which is formed 
when a very thin layer of a small bandgap semiconductor material (the well 
layer) is sandwiched between two thick layers of a wide bandgap material (the
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Figure 6.1: Schematic diagram of a single quantum well. Both interband and 
intersubband transitions are possible in a quantum well structure.
barrier layers). The thickness of the QW is comparable to the electron de Broglie 
wavelength, which is typically ~  10 nm. Because of the quantum size effect, 
the allowed electron (or hole) energies axe quantized. The actual values of the 
discrete energy levels in the QW are determined by the thickness and the depth 
of the well. The depth of the well is the band discontinuity of the two materials; 
conduction band discontinuity A Ec for electrons and valence band discontinuity 
A E V for holes.
If several quantum wells are grown on top of one another and the barrier layers 
are made thick enough that interactions between electrons in adjacent QW’s are 
negligibly small, then the structure is called a multiple quantum well (MQW). 
The electronic properties of MQW heterostructures are obtained simply as a 
superposition of those obtained for a single QW. If the barrier layer thickness 
is made thin enough that a significant probability exists for electrons to tunnel
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through barriers to adjacent QW’s, a coupled quantum well structure is formed. 
If a large number of QW’s are grown successively and the barrier layers are so 
thin (thickness <  50 A) that electron tunnelling between wells is significant, the 
result is a superlattice [1], Because of the overlapping of electronic wave functions 
among the wells, the discrete electron energy levels of an isolated well become 
minibands in a superlattice material.
6.2.2 Intersubband Transitions
As well as the usual interband transitions between the valence and the conduction 
bands allowed in bulk semiconductors, intraband transitions called intersubband 
transitions are possible in QW structures, as shown in Fig. 6.1. Intersubband 
transitions can occur within the potential wells of either the valence or the con­
duction bands. Three different intersubband transition processes can be identi­
fied, namely stimulated radiative emission, intersubband relaxations (which in­
clude both spontaneous radiative and nonradiative emission), and intersubband 
absorption. Because of the discrete energy levels in a QW, only certain wave­
lengths will be in resonance with the intersubband transitions. For QW structures 
fabricated using the III-V  semiconductor material systems, conduction band in­
tersubband transitions can be induced using electromagnetic radiation in the 
infrared wavelength range.
The resonant wavelength (or the energy separation) associated with conduc­
tion band intersubband transitions can be changed in several ways, for example,
• changing the layer structures such as the thickness of the QW and the 
barriers,
• changing the material systems of the QW structures, and
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• applying an electric field perpendicular to the QW layer structure, which 
change the resonant wavelength via the quantum-confined Stark effect [31].
For GaAs-AlGaAs material system, intersubband absorption wavelengths vary­
ing from A =  8  fim  to A =  14 fim  have been reported [32, 33], which are ideal 
for device application in communication systems operating near the 1 0  fim  a t­
mospheric spectral window. Much longer wavelengths are possible from intersub­
band transitions by increasing the well width and by lowering the barrier height 
(using lower A1 composition) so as to decrease the energy separations of the dis­
crete energy levels. However, wavelengths much shorter than A =  6  jum would be 
difficult to obtain using GaAs-AlGaAs because of the maximum barrier height 
(conduction band discontinuity) achievable using this material system. For appli­
cations at shorter wavelengths (eg., free-space communications corresponding to 
the A =  3-5 fim  atmospheric window), the InGaAs-InAlAs material system can 
be used. Resonant intersubband absorption peaks at A — 4.4 fim  with lattice- 
matched superlattices [34] and at A =  3.1 fim  with highly-strained MQW’s [35] 
grown on InP substrates have been reported. The quantum-confined Stark shift 
of the intersubband resonant wavelength by the application of an electric field is 
useful for device applications such as electro-optic modulators, optical switching 
and tunable optical sources and detectors.
6.3 QW  Structures for Intersubband Infrared 
Sources
Recent advances in semiconductor epitaxial growth technology have revived sig­
nificant interest in the original proposal by Kazarinov and Suris [2 ] for the 
achievement of intersubband infrared emission in QW structures and superlat­
tices. There are a number of advantages in using intersubband transitions in QW
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structures for the realization of semiconductor infrared lasers, for example,
• the emission wavelength can be tailored over a wide spectral range from 
the mid-infrared to the far-infrared wave region by varying the QW layer 
structures such as the thickness of the well and the barrier, or by choosing 
a different semiconductor material system for the QW structures,
• intersubband emission with small linewidth is expected because of the dis­
crete and narrow subbands involved in the transition,
• QW structures fabricated using indirect band-gap materials such as Si and 
Ge may be used for intersubband lasing because the intersubband transition 
is direct regardless of the host materials,
• wavelength tunable intersubband infrared sources may be feasible via the 
quantum-confined Stark effect which shifts the emission wavelength by the 
application of an electric field perpendicular to the QW heterostructures.
From the fundamental viewpoint, intersubband lasers represent a new class of 
semiconductor laser devices which utilize only one kind of charge carrier. Such 
devices may be termed unipolar semiconductor lasers [30]. In the present anal­
ysis, electron intersubband transitions are considered, but semiconductor lasers 
utilizing intersubband transitions between hole states in the valence band are also 
conceivable.
In this section, several QW structures that have been proposed for the achieve­
ment of intersubband infrared emission are discussed, so as to gain an insight into 
the requirements for obtaining intersubband population inversion. There are ba­
sically two different theoretical concepts for achieving intersubband lasing. In 
the first one, which was originally proposed by Kazarinov and Suris [2], electrons
6.3 QW  Structures for Intersubband Infrared Sources 138
photon-assisted tunnelling
Figure 6 .2 : Coupled QW structure utilizing photon-assisted tunnelling to provide 
intersubband emission.
undergo transitions between quantum subbands in neighbouring QW’s, a pro­
cess known as photon-assisted tunnelling. In the second, electrons make photon- 
mediated transitions between subbands in the same QW. Examples of both of 
these intersubband transitions are discussed in the following.
6.3.1 P h oton-A ssisted  Tunnelling Coupled QW  Struc­
tures
Fig. 6.2 shows a schematic conduction band profile of a coupled QW structure 
utilizing photon-assisted tunnelling to achieve intersubband emission [2]. The 
coupled QW structure is biased with an electric field such that the ground state 
of one QW lies above an excited state of its ‘down-field’ neighbour. Electron tun­
nelling occurs with the aid of a photon to make up the energy difference between 
the ground and the excited states of adjacent QW’s. Because the intersubband 
transition that provides optical gain spans across a barrier, the corresponding 
overlapping of electronic wave functions between the upper and the lower transi­
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tion subbands is substantially reduced, resulting in a low radiative emission rate. 
However, the nonradiative intersubband relaxation rate across the barrier is also 
reduced, which is desirable for intersubband population inversion. The ratio of 
the radiative over the nonradiative emission rates gives the radiative emission 
efficiency of the QW structure. Neither intersubband absorption nor emission 
has been experimentally observed in the photon-assisted tunnelling coupled QW 
structure as shown in Fig. 6.2. The difficulty in obtaining intersubband emis­
sion/absorption from this structure may be due to space-charge effects which 
distort the potential along the coupled QW’s and result in nonuniform transition 
energies across the whole structure.
6.3.2 Sequential Resonant Tunnelling QW  Structures
The second infrared-emission scheme that has attracted much research effort 
is injection current pumped photon-mediated intersubband transitions that occur 
between subbands in the same QW. One of the many proposals was to use sequen­
tial resonant iunnelling to achieve intersubband population inversion [4]. Fig. 6.3 
shows a sequential resonant tunnelling QW structure which is biased such that 
the ground state in the n-th well is degenerate (or aligned) with the first or the 
second excited state in the (n +  l)-th  well. Under such conditions, electrons tun­
nel resonantly between adjacent QW’s and subsequently undergo intersubband 
relaxation within a QW, with the emission of phonons or photons. Although 
weak spontaneous radiative emission has been observed using this structure [4], 
intersubband population inversion has not been demonstrated. This is due to the 
fact that sequential resonant tunnelling from the ground state of one QW to the 
first excited state of an adjacent QW represents carrier transport in an essen­
tially two-level system, and that population inversion cannot be achieved using 
just two states. On the other hand, while population inversion may be possible
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intersubband transitions
resonant tunnelling
Figure 6.3: Sequential resonant tunnelling QW structure. Resonant tunnelling of 
electrons from the ground state of one QW selectively populates an excited state 
of the adjacent QW. Electrons undergo intersubband transitions within a QW.
using sequential resonant tunnelling from the ground state of one QW to the 
second excited state of an adjacent QW, the subsequent ‘rain down’ of electrons 
to the first excited state and the ground state within a QW makes population 
inversion between these two states very difficult.
6.3.3 Q uantum  Cascade Laser Structure
Very recently, quantum well intersubband electroluminescence and intersubband 
lasing were demonstrated by Faist et al. [29, 30] using the ‘quantum cascade’ 
MQW structure as shown in Fig. 6.4. The laser structure was grown with the 
Alo.4 8 lno.5 2As-Gao.4 7 Ino.5 3 As heterojunction material system latticed-matched to 
InP. The structure consists of 25 periodically repeated units, each of which com­
prises three elementary blocks: a coupled-well active region, an energy filter well, 
and a graded-gap injector. Intersubband emission occurs in the double-coupled- 
well active region via photon-assisted tunnelling process. The spatial separation 
between the upper and the lower states of the lasing transition in the active re-




active region filter injector
Figure 6.4: Quantum cascade laser structure utilizing photon-assisted tunnelling 
to effect the intersubband emission.
gion greatly reduces both the nonradiative relaxation rate and the electron escape 
rate to the continuum. Under operating bias, efficient depopulation of the lower 
lasing state in the active region is effected by resonant tunnelling through the 
filter well. The graded-gap injector consists of a superlattice with constant pe­
riod and varying duty-cycle to obtain a graded gap pseudoquaternary alloy. The 
functions of this n-doped graded-gap injector are to provide electron injection by 
tunnelling into the upper lasing state of the following active region, and also to 
efficiently screen electrons leaving the filter well so as to minimize space-charge 
effects. It is clear from the complexity of the coupled QW structure (Fig. 6.4) 
that the successful demonstration of the quantum cascade laser is a result of care­
ful design of the structure, complemented by extremely intricate and challenging 
semiconductor growth.
Although mid-infrared lasing at A =  4.3 fim  operating at temperatures of 
up to 125 K has been demonstrated using the quantum cascade laser structure
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as shown in Fig. 6.4, it may be difficult to achieve far-infrared lasing at wave­
lengths exceeding 30 pm using this structure. At mid-infrared wavelengths, it is 
of most importance to reduce the rate of nonradiative intersubband relaxation 
(being dominated by optical phonon emission) in a laser structure. Because the 
quantum cascade laser structure utilizes the photon-assisted tunnelling process 
to effect the intersubband emission, the nonradiative intersubband relaxation 
time between the two spatially separated laser states is greatly increased (from 
«  1  ps to «  6  ps [30]). This means that the nonradiative intersubband relax­
ation rate is greatly reduced in the quantum cascade laser structure. Although 
radiative photon emission rate is also reduced in the quantum cascade structure, 
the radiative emission efficiency is improved over other structures which utilize 
photon-mediated intersubband transitions for the laser emission. However, at 
far-infrared wavelengths, the nonradiation intersubband relaxation time is much 
longer (a few hundred picoseconds), being limited by acoustic phonon scatter­
ing. As a result, it may not be necessary to induce a spatial separation between 
the laser transition states. In this case, QW structures which utilize the photon- 
mediated intersubband transitions may be favourable in terms of higher radiative 
emission efficiency.
6.4 R esonant Tunnelling Coupled QW Struc­
tures
In this section, two prototype coupled QW structures are considered [23] for 
the achievement of intersubband population inversion via photon-mediated tran­
sitions. The two structures have intersubband energy separations of 124 meV 
(corresponding to an intersubband resonant wavelength A =  10 pm) and 2 1  meV 
(A =  60 pm), respectively. The schematic conduction band profiles of the two
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structures are shown in Fig. 6.5 and Fig. 6 .6 , respectively. In order to facilitate 
the selective injection of electrons into the upper subband and the removal of 
electrons from the lower subband of the emission QW, resonant tunnelling QW 
energy filters are used [1 2 , 18].
In the figures, QW 2  is the emission well where intersubband transitions take 
place between the first excited state with energy E ^ \  and the ground state with 
energy E ^ \  The emission wavelength corresponding to the intersubband energy 
separation E ^  — E ^  is determined mainly by the choice of the emission well 
thickness 2 ,2 - QW 1 and QW3 act as resonant tunnelling energy filters, which 
are designed to have only one quasibound state each (with energy E\ and £ 3 , 
respectively). Under zero bias, the well widths of the resonant tunnelling energy 
filters are engineered such that E\ and E 3 are in the middle of E ^  and E ^  in 
the emission well, as shown in Fig. 6.5(a). When the structures are biased to the 
operating voltage given by Vb «  ( E ^  — E ^ ) / 2 , the energy states axe aligned as 
shown in Fig. 6.5(b) and Fig. 6 .6 . Electrons are efficient^ injected into the first 
excited state of QW 2  through filter well QW1, and are removed from the ground 
state of QW2 through QW3, via resonant tunnelling. The confined electrons in 
the emission well (QW2) undergo intersubband transitions such as intersubband 
relaxation, stimulated radiative emission and absorption. Because QW3 has only 
one subband, it serves not only to efficiently depopulate the ground state of QW2 
via resonant tunnelling, but also to enhance the confinement of electrons in the 
first excited state of QW2 by minimizing electron escape to the collector. As 
the whole device structure relies on energy filtering to selectively populate the 
respective subbands, the influence of any non-resonant energy bands would be 
small. In particular, the contribution of any other subbands which may exist in 
QW 2  can be neglected since those states would not be resonant with the aligned 
states in QW 1 and QW3.
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Figure 6.5: Coupled QW structure I with intersubband energy separation of 
124 meV in QW2. The structure is under (a) zero bias, and (b) operating bias 
(not drawn in proportion). Hatched regions represent n-doped cladding layers 
with Fermi energy level E f.
QW1 QW 2  QW3
A =  60 fim
Figure 6 .6 : Coupled QW structure II biased to the operating voltage, with inter­
subband energy separation of 21 meV in QW2 (not drawn in proportion).
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The resonant tunnelling QW structures are sandwiched between n-doped re­
gions of the cladding layers, which are called the injector and the collector. The 
functions of the injector and the collector are to reduce space-charge effects and 
to provide optical confinement to the active QW region. Because of the higher 
electron density in the n-doped injector and collector, the refractive index in the 
cladding layers is lower than that in the coupled QW region, thus effecting a 
waveguide structure for the confinement of photons in the active region.
The GaAs-AlxGai_xAs (x — 0.45) material system is employed in structure I 
(Fig. 6.5). On the other hand, because the intersubband energy separation of 
21 meV corresponding to the far-infrared frequency of 5 THz in structure II is very 
small, rather wide emission well is required. As a result, the upper and the lower 
laser transition states in the emission well are situated very near to the bottom of 
the well. In order to ensure that the energy filter wells of structure II have only 
one quasi-bound state each and that the various energy states align properly 
under operating bias, very deep filter wells are required. These requirements 
axe satisfied by using the InyGai_yAs-AlxGai_xAs (x  =  0.45, y =  0.15) material 
system in the filter wells and GaAs in the emission well for structure II (Fig. 6 .6 ).
6.5 Electron Transport D ynam ics
6.5.1 Four-Level E lectron R ate Equations
Since the intersubband transition and resonant tunnelling processes occur at a 
much faster rate than the interband transitions, it is assumed that there is no 
carrier source or sink in the coupled quantum wells. Thus the external injection 
current density J  leaving the structure is the same as that which enters. The 
temporal variations of electron density in the respective subbands are described
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by carrier rate equations of an essentially four-level system [23]: 
d n i  J  L 2 r i i
t  ~  ~ r  7---------------------’ ( 6-1)u t  e L \  L/\ T\ 2 T\2
dn3 _  L 2 n3 ____ J _  ,
dt L 3 t 23 t 23 eL3 ’
where denotes the electron density in quantum well a (a =  1,2,3) and sub­
band b (since there is only one subband in QW 1 and QW3, the superscript b is 
omitted), e is the electronic charge, and X  is the stimulated radiative emission
coefficient (inverse time) which is a function of the photon density P.
The tunnelling times t \ 2 and r23 between QW 1  and QW2, and QW2 and QW3, 
respectively, are given by
_ n k  ttH
A E ’ T23 A E' ’  ^ ^
where U is the Planck’s constant divided by 2ir, A E  and A E f axe the energy
level broadening resulting from the coupling of QW 1 and QW2 , and QW 2  and
QW3, respectively. The total intersubband relaxation rate A sp in QW2  (per-unit
volume per-unit time), appropriate for a two-dimensional system, is given by [36]
a - S  (n W _  _<m exp(r4 2 )/n e;) -  1
A ap -  s  2 j  (2) (i) . ? (o -o )
exp(n^ ’/net) -  exp(n£ Vnc2)
where S  is the intersubband relaxation coefficient (inverse time), and
m 2 ksT  tc ^
* "  irh 2L 2 (6J)
is the quasi-two-dimensional degeneracy concentration, m \ =  0.067 mo is the
electron effective mass in GaAs, mo is the free electron mass, ks  is the Boltzmann
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constant and T  is the electron temperature. The above expression incorporates 
energy dependence of the carriers using Fermi-Dirac statistics as appropriate to 
semiconductor laser operation [36].
Since the current injection is equal to the rate of total charge passing through 
the resonant tunnelling quantum well structure, J  can be written as
J  — ~  [n i L i  + (n21J + n ^ ) ^ 2  + rc3L3] , (6.8)
where tt is the effective transit time of electrons through the whole structure 
which includes not only the transmission times through the barriers and the 
intersubband transition times, but also time delays caused by intrasubband scat­
tering and electron diffusion. The electron densities in the various subbands can 
be obtained as a function of the external injection current density by solving 
the electron rate equations in steady-state subject to the constraint imposed by 
Eq. (6.8).
The coupled QW structures utilizing resonant tunnelling energy filters provide 
an efficient means of electron injection into the upper subband and electron re­
moval from the lower subband of the emission well. It should be noted that with­
out the energy filter QW’s the structure becomes essentially a two-level system, 
and in that case intersubband population inversion cannot be obtained. To assess 
the possibility of intersubband population inversion in the proposed quantum well 
structures, the relevant physical mechanisms of intersubband emission-absorption 
processes have to be taken into account.
The principal intersubband transition processes include stimulated emission of 
radiation, absorption and intersubband relaxation. For current injection pump­
ing and below lasing threshold operation of the coupled quantum well infrared 
laser structures, the stimulated emission and absorption rates are negligibly small 
compared to the intersubband relaxation rate. As a result, the term proportional
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to X( P)  in the carrier rate equations can be neglected. The intersubband relax­
ation coefficient S  is given by
S  =  — +  —  , (6.9)
TR  Tsp
where t r  is the nonradiative intersubband relaxation time and r3p is the sponta­
neous intersubband radiative emission time. Because Tsp is in the order of a few 
microseconds and t r  is in the order of 0.1-300 ps (depending on the nonradia­
tive intersubband relaxation mechanisms, which will be discussed in the following 
subsection), it can be assumed that S  «  r ^ 1.
6.5.2 Intersubband R elaxation  M echanism s
The study of carrier dynamics in semiconductor structures of reduced dimension­
ality is of fundamental importance not only for the understanding of the basic 
physics of the various scattering and energy relaxation processes involved, but 
also for the development of high speed electronics and optical devices. In par­
ticular, the injection current level needed for the achievement of intersubband 
population inversion in an infrared optical source is critically dependent on the 
intersubband relaxation time.
The carrier transport dynamics in quasi-two-dimensional semiconductor QW 
structures has been extensively studied both theoretically [3T]—[39] and experi­
mentally [40]—[45]. These studies have shown that nonthermal carrier occupation 
of excited states in QW structures can be achieved using electrical or optical 
pumping, and that excited carriers subsequently relax to the ground state and 
cool down to the lattice temperature through intersubband and intrasubband re­
laxation processes, respectively. Conceptually, the intersubband relaxation pro­
cess is different from intrasubband thermalization and cooling simply by the fact 
that momentum (and hence the wavevector k ) is quantized and discrete in the
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energy
wavevector
Figure 6.7: Schematic diagram of intersubband and intrasubband relaxation pro­
cesses. The Fermi energy is indicated by the broken line.
former case, while it is continuous in the latter. The quantization of energy and 
momentum in a Q W implies that intersubband transitions can occur only through 
the emission of specific phonon combinations that obey energy and momentum 
conservation.
The schematic intersubband and intrasubband relaxation processes in the 
energy-momentum space is shown in Fig 6.7. Neglecting radiative transition, 
the excited carriers are scattered first with finite k to the ground state via in­
tersubband relaxation with characteristic time t r . Cooling of the carriers then 
occurs within the ground state by intrasubband relaxation with characteristic 
time TintTa. There exist several mechanisms for the relaxation of excited carri­
ers in QW structures, namely polar optical phonon interaction, acoustic phonon 
interaction and electron-electron scattering.
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For intersubband energy separation greater than the optical phonon energy 
(«  36 meV in GaAs), optical phonon scattering is the main intersubband relax­
ation process. The reported intersubband relaxation times by optical phonon 
scattering vary over more than one order of magnitude. Relaxation times of the 
order of 10 ps at 300 K for an intersubband energy separation of 120 meV in GaAs 
QW were reported by Seilmeier and co-workers [42]. However, recent experimen­
tal measurements [44, 45] and theoretical calculations [39] reported subpicosecond 
to 1 ps relaxation times arising from optical phonon scattering. In general, the 
optical phonon scattering time of InGaAs-InAlAs QW’s is slightly longer than 
that of GaAs-AlGaAs QW’s. This is attributed to the lower effective mass of 
InGaAs as compared to GaAs.
Acoustic phonon scattering is expected to be the dominant mechanism for 
intersubband relaxation if the intersubband energy separation is less than the 
optical phonon energy. Oberli et al. [40] reported intersubband relaxation times 
of the order of several hundred picoseconds arising from acoustic phonon scat­
tering in wide GaAs-AlGaAs MQW at low temperatures. Recent measurement
[41] reported intersubband relaxation times of (300 ±  100) ps, correponding to 
the emission of acoustic phonons. Electron-electron scattering is believed to be 
important only for thermalization of carriers within each subband, and hence is 
a dominant mechanism for intrasubband scattering. Electron-electron scattering 
occurs essentially in a femtosecond time scale.
From the above discussion, it is noted that intersubband relaxation time de­
creases by more than two orders of magnitude if the QW width is reduced such 
that the intersubband energy separation exceeds «  36 meV, an energy above 
which optical phonon scattering dominates the intersubband relaxation process. 
It has been observed, however, that intersubband relaxation time increases with
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Structure I Structure II
A 1 0 60 fim
40 70 A
l 2 82 285 A
Lz 40 70 A
A E 7 0 . 2 meV
A E ' 5 0 . 1 meV
S 1 0 12 (3 x lO" 1 0 ) - 1 s - 1
Table 6.1: Parameter values used in the calculation
intersubband energy separation for subband energy difference larger than the op­
tical phonon energy [42]. This is due to the fact that a larger intersubband energy 
separation (corresponding to a smaller well width) requires a larger wavevector 
for the intersubband transition, whist the density of final states decreases with 
increasing wavevector owing to longitudinal optical phonon dispersion [39].
Furthermore, it is important to point out that in a QW in which the upper 
subband is very close to the top of the potential well, the electron wave-function 
penetrates deeper into the barrier layers. As a result, a reduction in the overlap 
integral between the wide-spread wave-function of the upper subband and that 
of the lower subband is obtained. This leads to an increase in the intersubband 
relaxation time in a QW with small well thickness or with a shallow well. The 
above factors which affect the intersubband relaxation time in QW structures 
have to be considered when designing an infrared intersubband laser device.
In the following, intersubband population inversion is calculated using param­
eter values as tabulated in table 6 .1 .
6.6 Intersubband Population Inversion 152
2.5
2.0-





0.2 0.25 0.30.0 0.05 0.1 0.15
Injection current density, J ( kA/cm2 )
Figure 6 .8 : Dependence of carrier density and intersubband population inver­
sion on injection current density for QW structure II. Intersubband population 
inversion becomes positive when J  exceeds the transparency value, Jq.
6.6 Intersubband Population Inversion
The carrier densities in all subbands increase as the external injection current 
density is increased. The injection current density dependence of carrier density in 
the upper and the lower subbands of QW2 for structure II is illustrated in Fig. 6 .8 . 
It is observed that the intersubband population inversion, A n  =  
becomes positive when the external injection current density exceeds the level 
Jo, which is termed the transparency current density.
Figs. 6.9(a) and 6.9(b) show the calculated intersubband population inversion 
as a function of J  at different temperatures for structures I and II, respectively. 
It is noted that significantly higher injection current density is needed to achieve 
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Figure 6.9: Intersubband population inversion versus injection current density at 
different temperatures for (a) structure I, tt = 4.0 ps, and (b) structure II, tt =
1.5 ns.
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is because the upper lasing state of structure I is depopulated at a very fast rate 
by intersubband relaxation with the emission of optical phonons, whereas a much 
slower acoustic phonon scattering limits the downward transition in structure II. 
It therefore appears that lasing action based on intersubband transition may, at a 
reasonable level of injection current, be feasible only in the far-infrared wavelength 
range. However, the optical absorptive loss is greater for longer wavelengths, and 
thus there is a trade-off to be considered when designing such a laser. This aspect 
will be dealt with in the next chapter.
It is also observed from Fig. 6.9 that higher injection current densities are 
needed to obtain a given level of population inversion as the temperature is in­
creased. In the calculations, it has been assumed that non-resonant tunnelling 
and thermionic induced carrier leakage from the upper subband of QW2  to the 
collector are negligibly small. In view of the uncertainties in the reported ex­
perimental values of the intersubband relaxation times, it is difficult to incor­
porate the temperature dependence of the intersubband relaxation time t r  in 
the analysis. The temperature dependence of A n  arises mainly because of the 
quasi-two-dimensional degeneracy density, nC2, being a function of temperature. 
In practice, the intersubband relaxation rates increase with temperature and this 
may affect the temperature dependence of An.
It should be noted that since the upper subband is closer to the barrier edge 
and hence the electronic wave function spreads more widely than that of the 
lower subband in QW2 , the energy broadening is larger in the upper subband, 
that is AE  > AE'. This implies that t\2 < t2$ according to Eq. (6.5). In this 
case, intersubband population inversion is still possible. It is clear therefore that 
inversion of the tunnelling rates is not a necessary condition for intersubband 
population inversion. It is, however, found that lower transparency current den­
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sity can be achieved by decreasing r 2 3  and increasing r i2 so  that t i 2 ~  r23. This 
can be achieved by designing different barrier widths between the quantum wells 
such that the coupling between QW 1 and QW2 is reduced whereas the coupling 
between QW2 and QW3 is increased. Nevertheless, decreasing the coupling be­
tween QW1 and QW 2  by increasing the barrier width will increase the effective 
transit time, and increasing the coupling between QW 2  and QW3 by reducing 
the barrier width will in practice increase the leakage current. All these will 
eventually increase the transparency current density.
6.7 Conclusion
A theoretical model of electron transport in resonant tunnelling QW structures, 
incorporating the relevant physical mechanisms of resonant tunnelling and inter­
subband emission-absorption processes, has been presented. In particular, the 
intersubband population inversion for two coupled QW structures with emission 
wavelengths at A =  1 0  fim  and A =  60 ftm, respectively, has been explicitly 
calculated as a function of injection current density at different operating tem­
peratures. The results show that intersubband population inversion is achievable 
at acceptable injection current densities (of the order of 1.0 kA/cm2) even for 
room-temperature operation in the case of A =  60 fim. However, achievement 
of intersubband population inversion is significantly more difficult at the shorter 
wavelength. This chapter has concentrated on the transport processes related to 
the achievement of intersubband population inversion. Analysis of lasing thresh­
old conditions of the two prototype resonant tunnelling QW structures will be 
described in the next chapter.
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C hapter 7
T ransparency and T hreshold  
Current C alculations for 
Infrared Inter subband Lasers
7.1 Introduction
The development of room-temperature semiconductor lasers operating in the mid 
to far-infrared wavelength range has been pursued by various workers for over 
twenty years. Significant progress has been made towards this goal. Room- 
temperature operation of electroluminescent diodes at an emission wavelength 
of A =  5 fim  was recently reported [1]. More spectacularly, the ‘quantum cas­
cade laser’ operating at A =  4.3 fj,m and at temperatures of up to about 125 K 
was demonstrated [2]. Although these results are encouraging, there remain two 
major challenges to building a room-temperature intersubband infrared semicon­
ductor laser. One is to achieve a sufficiently high level of intersubband population 
inversion at a reasonably low current density; and the other is to overcome optical 
losses so as to obtain laser oscillation at an acceptable threshold current density. 
The aim of this chapter is to quantify the challenges which need to be met to 
reach the goal of operating room-temperature mid and far-infrared semiconductor 
lasers.
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In the previous chapter, a description was given of a electron transport model
[3] which demonstrated the opportunity for the achievement of intersubband pop­
ulation inversion in two prototype resonant tunnelling QW structures having 
intersubband resonant wavelengths of 10 fim  and 60 /mi, respectively. In this 
chapter, the electron transport model is used to calculate the transparency cur­
rent density as a function of both the effective electron transit time through the 
coupled QW structures and the intersubband relaxation time. The prescription of 
lasing conditions in the two resonant tunnelling QW structures is also presented. 
In this respect, optical loss analysis is carried out which takes into account the 
configuration of the infrared semiconductor laser devices. The incorporation of 
optical loss analysis into the electron transport model provides a complete formu­
lation [4], which enables the lasing threshold current density to be calculated for 
room-temperature operation of the mid- and the far-infrared intersubband laser 
structures.
7.2 Calculation o f Transparency Current D en­
sity
In this section, the dependence of transparency current density Jo on effective 
electron transit time t j ,  and intersubband relaxation time t r  is calculated for 
the two prototype resonant tunnelling QW structures as shown in Figs. 6.5 and
6.6 in the previous chapter.
7.2.1 D ependence o f Transparency Current D ensity  on 
Electron Transit T im e
The transparency current density Jo is defined as the current density level above 
which the intersubband population inversion becomes positive. Figs. 7.1(a) and
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7.1(b) show the transparency current density as a function of the effective electron 
transit time t t  for QW structure I (A =  10 //m) and structure II (A =  60 \lm), 
respectively. The effective transit time includes not only the tunnelling times 
T\2  and 723, and the intersubband relaxation time r#, but also tunnelling times 
through the outer barriers, electron dephasing times in the various subbands, and 
electron diffusion time. The electron dephasing time is governed by intrasubband 
scattering processes which axe believed to be dominated by electron-electron scat­
terings. Any extra time delays caused by these intrasubband processes will lead 
to higher electron accumulation in the various quantum subbands and further 
increase Jo­
lt is noted from Figs. 7.1(a) and 7.1(b) that transparency current densities of a 
few tens of kA/cm 2 are required to obtain room-temperature intersubband popu­
lation inversion at resonant wavelength of 10 fim  (structure I). On the other hand, 
significantly lower transparency current densities in the range of 0.1-0.3 kA/cm2 
are achievable at A =  60 fim  (structure II) for room-temperature operation. In 
both cases, the achievement of intersubband population inversion is more readily 
facilitated at lower temperatures. Furthermore, the minimum transit times for 
the two coupled QW structures can be obtained from Figs. 7.1(a) and 7.1(b). 
The minimum transit time for structure I is approximately 3.8 ps. The transit 
time dependence of Jo for structure II is less sensitive; a large change in t t  (of 
the order of nanoseconds) produces only a relatively small change in J q. This is 
possibly because the intersubband relaxation time in structure II is much longer 
than both the electron dephasing time (of the order of subpicosecond) and the 
tunnelling time. As a result, a small change in r j  would not have a significant 
effect on J q. From Fig. 7.1(b), the minimum tt  is approximately 1.2 ns for 
structure II.
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Figure 7.1: Dependence of transparency current density on effective electron 
transit time for (a) QW structure I (A =  10 fj,m), and (b) QW structure II (A =  
60 ^m).
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7.2.2 D ependence o f Transparency Current D ensity  on 
Intersubband R elaxation  T im e
As has been noted in the previous chapter, the reported experimental values of 
intersubband relaxation time t r  arising from optical phonon scattering for GaAs- 
AlGaAs quantum wells differ by more than one order of magnitude. However, 
recent experiments tend to give values of t r  in the subpicosecond to 1.0 ps range
[5]. For intersubband energy separation less than the optical phonon energy, the 
intersubband relaxation rate is reduced by about two orders of magnitude [6], be­
ing limited by the slower acoustic phonon emission. In view of such uncertainties 
in the values of the intersubband relaxation time, it is instructive to investigate 
the sensitivity of the dependence of transparency current density on intersubband 
relaxation time.
Figs. 7.2(a) and 7.2(b) show the transparency current density as a function of 
the intersubband relaxation time t r  for structure I and structure II, respectively. 
Jo increases by more than two orders of magnitude if t r  is reduced from 1.0 ps to
0.1 ps for structure I. Similarly, Jo increases by approximately one hundred times 
when t r  is reduced from 0.35 ns to 0.035 ns for structure II. The results suggest 
that intersubband population inversion is highly dependent on t r , and that in 
order to reduce the transparency current density, it is crucial to reduce the inter­
subband relaxation rate. Several ways may be used to reduce the intersubband 
relaxation rate:
• Phonon emission rate can be reduced considerably by lowering the temper­
ature of operation of the device, thus enhancing the electron lifetime in the 
upper subband of the emission well.
• It is found that material with a lower effective mass has a longer inter-
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Figure 7.2: Dependence of transparency current density on intersubband relax­
ation time for (a) QW structure I, tt =  4.0 ps, and (b) QW structure II, tt = 
1.5 ns.
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subband relaxation time. Hence material such as InClaAs, with a lower 
effective mass and a longer intersubband relaxation time than GaAs [5], 
may be used to fabricate the emission quantum well.
« For intersubband energy separation larger than the optical phonon energy, 
the intersubband relaxation rate can be reduced by reducing the quantum 
well width [7, 8 ]. This is because a larger intersubband energy separa­
tion (corresponding to a smaller well width) requires a larger wavevector 
for the intersubband transition, whilst the density of final states decreases 
with increasing wavevector. Therefore, intersubband population inversion 
may be achieved at lower injection current densities for emission wave­
length A <  10 jum. This, together with the fact that optical absorptive loss 
decreases for shorter wavelengths, indicates that lasing action based on in­
tersubband transitions may be easier to achieve for A <  10 fim  compared to 
A =  10 fim. Experimental investigation into intersubband population inver­
sion and lasing for wavelengths shorter than 1 0  fim  could, therefore, be of 
considerable interest with a view to designing mid-infrared lasers operating 
at the A =  3-5 fim  atmospheric window [2].
• A double-coupled QW active region can be engineered such that intersub­
band emission occurs via the photon-assisted tunnelling process [2]. In 
such a structure, the spatial separation between the upper and the lower 
lasing states greatly reduces the intersubband relaxation rate. However, 
intersubband radiative emission rate is also reduced. The photon-assisted 
tunnelling QW structure may, in terms of improved radiative emission ef­
ficiency, be favourable only for operation in the mid-infrared wavelengths 
(say, between 3 to 10 fim), where it is of paramount importance to reduce 
the intersubband relaxation rate arising from optical phonon scattering.
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Having shown that intersubband population inversion can indeed be achieved at 
reasonable injection current densities in the proposed resonant-tunnelling QW 
structures, this section is devoted to quantifying the lasing threshold conditions 
which need to be satisfied for the achievement of room-temperature mid- and 
far-infrared lasing. In this respect, optical loss analysis is carried out [4] taking 
into account the infrared QW laser geometry in a way similar to Borenstain 
[9]. The four-level electron rate equations from the previous chapter are solved 
in conjunction with the balance of gain and optical loss, thus determining the 
threshold current density as a function of free electron density in the n-doped 
regions of the cladding layers of the two proposed QW laser structures (as shown 
in Figs. 6.5 and 6 .6 ).
7.3.1 O ptical A bsorption C alculation
The optical properties of III-V  semiconductor materials at energies smaller than 
the fundamental bandgap energy are determined by two major physical processes, 
namely lattice vibrations (photon-phonon interactions) and collective oscillation 
of free carriers (photon-plasmon interactions). The refractive index n and the 
extinction coefficient k can be calculated through the complex dielectric constant 
[9, 10] as given by
=  tr 1 +
\2e(u;) =  (n — ik )‘
.2
p (7.1)
— u 2 +  iuj^ph lj(lj — i^pi)
where is the high frequency dielectric constant, ljl, u>t  and lop are the angular 
frequencies of the longitudinal optical (LO) phonons, the transverse optical (TO) 
phonons and the plasmons, respectively, 7 ph and 7 pi are the damping constants of
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Symbol Value Unit
Coo 1 1 . 1
UL 291.5 cm - 1
Ut 268.2 cm - 1
Iph 2.3 cm - 1
M’e 5000 cm2 V - 1  s - 1
Cr 12.25
t 2 0 . 2 1 ps
R 0.3
Lc 1 . 0 mm
Table 7.1: List of parameter values
the phonons and the plasmons, respectively, 7 pi = e l 2 'K^ iem*, e is the electronic 
charge, m* is the electron effective mass in GaAs, /xe is the electron mobility, 
Li* =  7Vce2 /m*eooe0, e0  is the permittivity of free space, and N c is the free electron 
density in the n-doped conducting layers. The absorption coefficient in the n- 
doped conducting layers (the injector and the collector) is calculated from the 
extinction coefficient in Eq. (7.1) using
CLc — • (7-2)
The calculated refractive index and optical absorption coefficient as a function of 
wavelength for different values of free electron density are depicted in Figs. 7.3 
and 7.4, respectively. The parameter values used in the calculation are listed in 
table 7.1.
As shown in Fig. 7.3, the variation of the refractive index shows a pronounced 
dispersive characteristic at A «  30-40 //m, which arises because of induced ionic 
polarization in the semiconductor medium at infrared wavelengths. The refractive 
index curve for N c = 0 represents a theoretical fitting curve of experimental data
[10] using Eq. (7.1) and parameter values tabulated in table 7.1. The rapidly 
varying refractive index near the LO and TO phonon frequencies is the typical
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Figure 7.3: Refractive index versus wavelength for different values of free electron 
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Figure 7.4: Optical absorption versus wavelength for different values of free elec­
tron density. Nc is in units of cm-3.
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anomalous dispersion characteristic associated with resonance absorption, which 
is as shown in Fig. 7.4. In this region, no wave can propagate through the medium. 
Instead there is an evanescent wave that decays exponentially as it penetrates 
the medium and there is total external reflection of radiation incident on the 
medium from outside. As n —► oo near the TO phonon frequency, almost all 
incident radiation is reflected, save for some absorbed energy. This effect can be 
amplified by repeated reflections of radiation from the medium interface. After 
many rounds of reflection, only the component of radiation with frequencies close 
to lot will survive. This surviving radiation is known as the reststrahl (residual 
ray). Hence, it is seen in Fig. 7.4 that the optical absorptive loss in the reststrahlen 
region is extremely large, and that infrared lasing from intersubband transitions 
in GaAs is feasible only at wavelengths above or below the reststrahlen region.
From Figs. 7.3 and 7.4, it is noted that the effects of increasing the free electron 
density (doping density) in the conducting region of the cladding layers are to 
decrease the refractive index and to increase the optical absorptive loss. These 
effects are particularly pronounced at wavelengths above the reststrahlen region.
Figs. 7.5(a) and 7.5(b) show the effects of varying the free electron density 
on optical absorption and refractive index for wavelengths of 10 fim  and 60 /xm, 
respectively. It is noted that, for N c in the range of 1-5 x 1017 cm-3, optical 
absorption of 10-40 cm-1 is obtained at A =  10 fim  (Fig. 7.5(a)). However, 
at A =  60 fim  (Fig. 7.5(b)), much higher absorption of 500-6000 cm-1 results 
over the same range of Nc. Therefore, despite the lower transparency current 
densities achievable at an operating wavelength of 60 fim  (as revealed in the 
previous section), high optical losses may lead to high threshold current densities 
for laser operation in this emission wavelength. However, at A =  10 /xm, optical 
losses become less daunting but it is relatively more difficult to achieve population
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Figure 7.5: Effects of variation of free electron density on optical absorption and 
refractive index at (a) A =  10 f im  and (b) A =  60 ^m.
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inversion. Hence, it is concluded that the critical issue in designing mid-infrared 
(1-30 //m) semiconductor lasers is to reduce the intersubband relaxation rates so 
as to lower the transparency current density. On the other hand, the challenge 
to designing fax-infrared ( > 3 0  fim) semiconductor lasers is to overcome optical 
absorptive losses so as to lower the lasing threshold current density.
From Figs. 7.5(a) and 7.5(b), it appears that lower threshold current density 
may be achieved by reducing the free electron density in the n-doped region of the 
cladding layers. However, it is also noted that reducing the electron density leads 
to an increase in the refractive index of the cladding layers. This gives rise to an 
anti-guiding effect on the generated photons and thus reduces the optical confine­
ment. As a result, higher threshold current density may be required to achieve 
laser action if the doping density in the cladding region is low. There is, there­
fore, another trade-off to be considered when designing an infrared semiconductor 
laser. The effect of varying Nc on refractive index is paxticularly pronounced at 
A =  60 fim  as shown in Fig. 7.5(b); a significant drop of refractive index from 3 
to 0.6 is obtained when N c is increased from 1.0 xlO17 cm-3 to 5.0 xlO17 cm "3. 
This optical property of the material is useful when consideration is given to 
designing a waveguiding structure to improve the optical confinement in a far- 
infrared semiconductor laser.
7.3.2 Lasing T hreshold C ondition
In contrast to semiconductor lasers based on interband transitions, the energy 
difference associated with transitions between any given pair of intersubband 
states is exactly the same and gives rise to a narrow resonance. It is therefore 
reasonable to model the intersubband transitions in the emission QW (QW2 in 
Figs. 6.5 and 6.6) by a two-level system. The optical gain, g (per unit length) in
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the emission quantum well can be written as [9]
d W  =  -r~— i i ( T2— \2 hp2 A n  » (7-3)4xerre 1 +  [<jJ -  uo)2T f
where An =  n ^  — n ^ \  er is the relative permittivity of GaAs, T2 is the elec­
tron dephasing time in the quantum subbands, ljq is the angular frequency at 
resonance and re is the spontaneous radiative time given by
27re1J 2e2. - 1
et .  - = -----—^  fa  , (7.4)m*eoA2c
where c  is the velocity of light in vacuum and f y  is the oscillator strength of 
the transition from the i level to the j  level, which can be approximated by 
f i j  =  64( ij)2/n 2(i2 -  j 2)3.
To establish the lasing threshold condition, the device structures as shown in 
Figs. 6.5 and 6.6 are considered. It is assumed that free electrons are confined 
to just two n-doped conducting layers (the injector and the collector) with total 
thickness t c . The generated photons axe confined to an effective mode thickness 
of t m  = A/2n .  Lasing action in the structures occurs when the optical gain equals 
the total losses, ie.,
h
tm
gth =  +  r}c a c  +  T jiO ti +  In , (7.5)
where a a, a c and a,- are the loss coefficients (per unit length) in the active QW 
layer, the conducting layers and the intrinsic region of the cladding layers, respec­
tively, T]c and rji are the mode filling factors in the conducting and the intrinsic 
cladding layers, respectively. The last term accounts for mirror loss of the laser 
structures with cavity length Lc and facet reflectivity R.
The loss coefficient in the conducting layers a c is calculated using Eqs. (7.1) 
and (7.2). The loss coefficient in the intrinsic regions a t- is similarly calculated by 
putting N c = 0. Absorption by plasmon interaction in the emission quantum well
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(active region) is negligible because radiation emitted from intersubband transi­
tions is polarized perpendicular to the QW layers, whereas plasmon oscillations 
can interact only with radiation polarized parallel to the QW layers. Further­
more, because of the small active layer thickness, absorption from photon-phonon 
interaction in the emission well is negligibly small for wavelengths well above or 
below the reststrahlen region. Hence it can be assumed that a a ~  0.
It is assumed that tc = 2 ^m  in both structures. Since t c > tm «  1.43 fim  in 
structure I, the mode filling factors are given by rjc = (tm — L i)! tm and iji =  0. In 
structure II, however, t c < tm and in this case rjc =  t cl t m and rji =  (tm — tc) / tm. 
The intersubband population inversion at lasing threshold (An)th is obtained 
by equating Eqs. (7.3) and (7.5) for u> = uq. The electron rate equations from 
the previous chapter are then solved in steady-state for consistent with the 
obtained threshold population inversion. The parameter values used in the cal­
culation are given in table 7.1.
7.3.3 D ependence o f Threshold Current D ensity  on Elec­
tron D en sity  in Cladding Layers
Figs 7.6(a) and 7.6(b) shows the calculated threshold current density as a function 
of the free electron density in the conducting layers for the two infrared laser 
structures respectively. As Nc is increased through doping, the absorption arising 
from plasmon interaction increases, thus increasing the threshold gain and Jth> 
It is observed from Fig. 7.6(b) that Jth remains relatively low at low N c but 
increases sharply when N c exceeds «  2.3 x 1017 cm-3 for structure II. This is 
because for electron density above this value, the plasma frequency u p in the 
conducting layers becomes higher than the emission frequency («  5 THz) of 
structure II. Since the generated laser wave can not propagate through the free-
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Figure 7.6: Dependence of threshold current density on electron density in the 
conducting layers for (a) structure I (A =  10 ^m), and (b) structure II (A =  60 
fim).
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carrier plasmas at frequencies below the plasma frequency, optical absorption 
through photon-plasmon interaction increases rapidly. No such rapid increase 
in J t h is observed in Fig. 7.6(a) because the plasma frequency is lower than the 
emission frequency (~  30 THz) of structure I over the range of Nc considered 
here.
It is also observed that increasing the electron mobility reduces the threshold 
current density at a given N c. This is because higher electron mobility means 
longer scattering time (or lower scattering rate) of free electrons in the n-doped 
cladding layers, which leads to lower plasmon damping and thus lower optical 
absorption. The dependence of threshold current density on electron mobility 
is less sensitive in the case of structure II. This is possibly due to the very high 
absorption at the far-infrared wavelength of 60 /xm, and hence a change in electron 
mobility will not affect the optical absorption significantly. It is also noted that 
electron mobility is inversely related to temperature. Thus, at high temperature 
electron mobility decreases and higher threshold current density is required for 
lasing. This is consistent with results shown in Figs. 7.6(a) and 7.6(b). Assuming 
fie =  0.5 m2V_1s-1 at T  = 300 K, it is found that reasonable threshold current 
densities of order 1-5 kA/cm 2 is achievable in structure II for room-temperature 
far-infrared (A =  60 /xm) lasing with N c in the range of 1-3 x 1017 cm-3. To 
achieve room-temperature mid-infrared (A =  10 /xm) lasing using structure I, J t h 
around 40-50 kA /cm 2 is required over the same range of N e.
The analysis of carrier transport and lasing threshold operation presented in 
this thesis is based on the triple-coupled resonant tunnelling QW structures as 
shown in Figs. 6.5 and 6.6 of the previous chapter. Further optimization of these 
device structures needs to be carried out to lower the threshold current density for 
practical device operation. In this respect, the triple-coupled resonant tunnelling
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QW structures as advocated in this thesis may be periodically repeated to form a 
superstructure. Such a superstructure, with graded-gap spacer [2] between each 
unit block of triple-coupled QW’s to ensure efficient electron injection and charge 
screening, will effect a much higher multiplicative optical gain as well as provide 
better optical confinement. In addition, waveguide design based on the use of 
Bragg reflector waveguide structures [11] may be considered for enhancing the 
waveguiding properties of the infrared laser devices. Optimization of the triple- 
coupled resonant tunnelling QW structures based on the above design proposals 
would be expected to yield lower threshold current density for room-temperature 
operation of mid and far-infrared semiconductor lasers.
7.4 Conclusion
The transparency current density for achieving intersubband population inver­
sion at A =  10 /xm and A =  60 /xm using triple-coupled resonant tunnelling QW 
structures has been calculated based on the electron transport model developed 
in the previous chapter. The transparency current density has been shown to be 
extremely sensitive to variation of the intersubband relaxation time. Optical loss 
analysis has also been carried out taking into account the device structures. Solu­
tion of the four-level electron rate equations from the transport model, consistent 
with the balance of optical gain and loss in the laser devices, enables the threshold 
current density to be calculated explicitly as a function of electron doping density 
in the cladding layers. The results show that a reasonably low threshold current 
density in the range of 1-5 kA/cm 2 is achievable for room-temperature lasing at 
A =  60 /xm. A significantly higher threshold current density of 40-50 kA /cm 2 is 
required for lasing at A =  10 /xm. The present analysis of carrier transport and 
lasing threshold operation in the mid and far-infrared wavelengths demonstrates
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the feasibility of using current injection resonant tunnelling QW structures to 
realize semiconductor lasers based on intersubband transitions.
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This thesis has been concerned with the spectral properties of semiconductor 
lasers, with particular attention being paid to nonlinearity-induced spectral char­
acteristics which may be utilized for device applications, and to the feasibility of 
extending the emission spectra of semiconductor lasers to the infrared wavelength 
region. Specifically, four main aspects of the spectral properties of semiconductor 
lasers have been studied, including self-locking FM laser operation, nearly degen­
erate four-wave mixing (NDFWM), all-optical frequency conversion and tuning, 
and infrared intersubband lasing. In the following, the significance of the results 
obtained from an investigation of these various aspects of the spectral properties 
of semiconductor lasers is summarized. Proposals for future work which may be 
undertaken to further enhance the understanding of these spectral properties are 
also presented.
8.1 Self-Locking FM  Laser Operation
A multimode semiconductor laser model has been developed, based on the Lamb 
semiclassical laser theory, to study the multi-longitudinal-mode spectral behaviours 
of semiconductor lasers (chapter 2 and 3). Numerical integration of the multi­
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mode semiconductor laser rate equations has been carried out. It has been shown 
that, for nonlinear gain parameters appropriate to long-wavelength (1.3-1.55 f im )  
semiconductor lasers, a self-induced phase-locked state may be obtained. The 
self-phase-locking has been shown to correspond to FM laser oscillation (as op­
posed to AM optical-pulse operation). Specifically, it has been demonstrated 
that intrinsic multiwave mixing nonlinearities occurring in the presence of non­
linear gain are responsible for the self-locking FM laser operation. The calculated 
optical output power and FM index in the self-locked state are in good agree­
ment with experimental results. A small AM component is always present in the 
self-locked state, and pure self-locking FM oscillation is inhibited.
Nonlinear gain diagnostics have also been carried out to map out regions in the 
nonlinear coefficient parameter space where self-locking FM operation is expected 
to occur. Comparison between the presently calculated and the experimentally 
determined values of output power under which self-locking FM operation oc­
curs provides a quantitative test for the possible range of values of the various 
nonlinearities present in semiconductor lasers.
A study of self-locking FM operation is important both for the understand­
ing of nonlinear physical mechanisms in semiconductor lasers, and for possible 
device applications. The suppression of self-locking FM oscillation is critical for 
single-mode operation of laser diodes utilized in communication systems. On the 
other hand, FM operation of laser diodes is of current interest because of the 
possibility of using FM laser diodes in future coherent communication systems. 
Another important application of self-locking FM operation is short-pulse gener­
ation through the use of a dispersive optical fiber to convert the self-locking FM 
oscillation to an AM pulse train.
The present multimode laser model has been adapted from semiclassical gas
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laser model to account for the properties of semiconductor lasers. As such, only 
the mode-amplitude and the phase rate equations are considered in the model. 
Nevertheless, significant insight has been gained into the nature of self-locking 
FM operation in semiconductor lasers using the present model. To provide a 
complete description of the self-locking dynamics in semiconductor lasers, there 
may be a need for the incorporation of the carrier density rate equation in the 
model. This latter aspect may be of interest for future consideration.
8.2 N early D egenerate Four-Wave M ixing
The effects of an external optical injection on the spectral properties of semicon­
ductor lasers have been considered. Specifically, external probe signal induced 
nearly degenerate four-wave mixing (NDFWM) in laser diodes with nonuniform 
longitudinal gain distribution has been studied in chapter 4. A model for cavity- 
enhanced NDFWM in above-threshold Fabry-Perot (FP) laser diodes has been 
developed, which takes into account the FP cavity effects and the longitudinal 
variations of both the nonlinear wave-mixing interaction and the gain distribu­
tion. The importance of incorporating these longitudinal effects in the model has 
been established, particularly for laser diodes with low and/or asymmetric facet 
reflectivities.
The NDFWM model has been utilized to study the characteristics of phase 
conjugate signal generation in FP laser diodes. It has been shown that enhance­
ments of conjugate output and NDFWM bandwidth can be obtained using laser 
diodes with low facet reflectivities. In particular, a 7-8 dB enhancement of con­
jugate reflectivity can be achieved in an asymmetric laser diode compared to a 
symmetric laser by reducing the input facet reflectivity from 0.3 to 0.1.
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The successful development of optimized laser diodes for phase conjugate sig­
nal generation will provide a key component for implementing a wide range of 
high-speed optical information processing functions including cross-talk cancel­
lation, optical-demultiplexing, optical sampling, optical fiber dispersion compen­
sation via spectral inversion, and clock extraction. The high efficiency and the 
flexibility of the asymmetric FP laser diodes to act in both reflection and trans­
mission modes serve to underline the wide applicability of the proposed struc­
tures. Further work may be undertaken to implement the semiconductor laser 
structures identified in the present work as phase conjugators for the multitude 
of applications indicated above.
8.3 A ll-O ptical Frequency Conversion and Tun­
ing
The NDFWM model has also been used to study the frequency conversion char­
acteristics of asymmetric two-section laser diodes in chapter 5. It has been shown 
that a uniform frequency conversion efficiency can be obtained over a frequency 
detuning range of more than 10 GHz by injecting the input optical probe signal 
into the low-gain section of a two-section laser diode. Enhancement of frequency 
conversion bandwidth and efficiency can simultaneously be achieved by apply­
ing anti-reflection (AR) coating to the input facet at the low-gain section, and 
deriving the converted conjugate output from the same facet of the asymmetric 
two-section laser diode. The uniform conversion efficiency response is important 
for distortionless optical frequency conversion of wide-band signals.
In addition, a travelling-wave model has been developed in chapter 5 to in­
vestigate the wavelength tuning characteristics of asymmetric gain-levered (two- 
section) FP QW laser diodes. The carrier density has been shown to be highly
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nonuniform along the longitudinal axis of the two-section laser, thus justifying 
the need for incorporating longitudinal variations of carrier density in the model. 
The present analysis has demonstrated that enhancement of wavelength tunabil- 
ity could be achieved in a asymmetric laser diode, compared to a symmetric 
laser, by applying AR coating to the facet at the low-gain section and applying 
HR coating to the facet at the high-gain section.
8.4 Infrared Intersubband Lasing
The possibility of extending the emission spectra of semiconductor lasers to the 
infrared wavelength regime has been explored in chapter 6 and 7. A carrier trans­
port model has been developed which takes into account resonant tunnelling and 
intersubband emission-absorption processes. Opportunity for the achievement 
of intersubband population inversion in two prototype resonant tunnelling QW 
structures has been revealed.
Optical loss analysis taking into account the resonant tunnelling laser device 
geometry has also been carried out. The incorporation of optical loss analysis into 
the carrier transport model provides a complete formulation for the calculation of 
lasing threshold current density. It has been shown tha t reasonably low threshold 
current densities of 1-5 kA /cm 2 are achievable for room-temperature lasing at an 
operating wavelength of 60 fim. Significantly higher threshold current densities of 
40-50 kA/cm 2 are required for lasing at 10 fim  wavelength. The present analysis 
of carrier transport and optical loss in the infrared wavelengths has demonstrated 
the feasibility of using current injection resonant tunnelling QW structures to 
realize intersubband semiconductor lasers.
It is considered that the carrier transport model developed in this thesis gives
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a useful prescription of the microscopic processes which determine the conditions 
for population inversion in intersubband semiconductor lasers. Incorporation of 
optical losses into the transport model underlines the challenge which remains 
to be faced in order to attain low-threshold devices. Attention now needs to be 
given to device design aspects which may serve to mitigate optical losses and 
hence assist in the implementation of practical room-temperature mid- and far- 
infrared semiconductor lasers.
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i Indexing terms: Semiconductor lasers. Modulation
Abstract: Gain saturation and multi wave mixing 
are shown to give rise to self-locking effects in 
semiconductor lasers resulting in FM  operation. 
The analysis is shown to be in agreement with 
recently reported experimental observations of 
this phenomenon.
1 In troduction
The use o f amplitude modulation (AM) and phase or fre­
quency modulation (FM) to achieve mode-locking is very 
well known in several laser systems [1]. Particular 
emphasis has been given to developing various AM - 
locking techniques with a view to the production of ultra- 
short (picosecond and subpicosecond) optical pulses. In 
contrast, rather less effort has been given over to the 
study and application of FM locking properties of lasers. 
For semiconductor lasers, in particular, the possibilities 
of achieving FM-locking have received relatively little 
attention. Although Saito et a l  [2 ] reported FM laser 
operation in an external cavity semiconductor laser some 
time ago, there has not been a sustained attempt to 
, explore this topic using semiconductor lasers. Lately, 
j however, a number of workers have begun to address 
' important issues related to the FM locking phenomenon 
in semiconductor lasers. Bosl and coworkers have shown 
how an intracavity phase modulator may be used to  
demonstrate active FM-locking in AlGaAs laser diodes
[3]. Schremer and Tang [4] (and references therein) also 
have studied FM locking effects in external cavity 
AlGaAs lasers and have shown a phase reversal effect in 
this configuration. In this paper it is shown that non- 
j  linear optical properties may, in contrast, give rise to self- 
locked FM  behaviour in semiconductor lasers. The basic 
I physical effect which arises in these circumstances is that, 
due to gain nonlinearities, longitudinal modes of the laser 
j  become equally spaced in frequency. The cavity modes 
then form a single frequency-modulated optical wave 
I called an ‘FM supermode’. As a result, in pure FM oper­
ation, the field of the FM supermode has a constant 
amplitude E0 and is of the form
£(t) =  E0 cos (<o0 1 +  m cos cot) (1)
! Then the relative amplitude of the cavity modes is 
| defined by Bessel functions:
| E(t) =  £ 0 Z  Jn(m) cos O o  +  na))t -  nn/2]  (2)
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The FM supermode is then characterised by a modula­
tion index, m, a central frequency co0 , and a mode 
spacing frequency co.
Clearly, the above forms are appropriate also to 
(deliberately) frequency-modulated lasers. It is empha­
sised, however, that here the form o f the output arises 
due to the intrinsic properties of nonlinear multimode 
interactions in the semiconductor lasers and does not 
result from modulation (of either the amplitude or the 
frequency) o f the semiconductor laser.
2 Experim ental basis
The motivation for the present theoretical treatment is 
the experimental work o f Tiemeijer e t  aL who recently 
demonstrated self-induced (passive) FM  locking in multi- 
mode Fabry-Perot InGaAsP laser diodes [5]. The Tie­
meijer approach was to measure the fundamental and 
second harmonic spectrum of the lasers. Then, (ising the 
measured fundamental multimode spectrum, a compari­
son was made between the measured second harmonic 





On this basis it was concluded that FM-locking was 
occuring in the devices. Tiemeijer then proceeded with 
some analysis o f the behaviour but predicated that 
analysis on the assumption that an FM-locked state had 
been attained. The objective of this paper is to show, via 
an integration o f multimode laser rate equations, that the 
occurrence of self-locking FM operation in semicon­
ductor lasers may indeed be attributed to nonlinear 
mechanisms arising in these devices. In particular, it is 
demonstrated that the strength of nonlinearity required 
to obtain FM -locking is in accordance with values of 
gain saturation and multiwave mixing coefficients typi­
cally encountered in long-wavelength semiconductor 
lasers.
3 Formalism
Passive FM locking was examined in gas lasers many 
years ago [6, 7] and has been analysed in that context 
using the model developed by Lamb [8 ]. An important 
conclusion from that earlier work is that the inclusion of  
three cavity modes is adequate to establish the criteria for 
mode-locking [9]. In the present analysis, the three-mode 
Lamb model is adapted to account for the properties of  
semiconductor lasers. We consider three modes of fre­
quencies vt, v2, v3 where mode 2 is taken to be nearest to
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the peak gain. The modes are defined by field phasors of 
amplitude E lt E2 , E3 and phase <f>iy <£2, < £ 3  •
The amplitude and frequency determining equations 
given by Lamb in the case of three modes are
— ^l^al — X
-  El E3(rj23 cos T  +  £ 2 3  sin T) (3a)
£ 2 =  E 2( a 2 -  Z & i m E l j
-  E t E2 E3(rjl3 cos T  -  f 1 3  sin T) (36)
£3 ~  Ej^&3 — £  0 3 m E
-  E \ E x(r\2t cos V  +  f  2l sin T) (3c)
3
v2 +  =  Clt +  <rt +  X  t lmE2
m = 1
-  ( £ l  £ ,/£,X <)2S Sin 4* -  { 23 cos 40 (4a)
3
V2 +  j > x =  Q 2 +  C 2  +  £  T2 m £ m  
m*= 1
+  ( £ 1 ^ 1 3  sin 'F  +  ^ i, c o sT ) (46)
3
v 3 +  <£3 =  Q  3 +  <t3 +  £ T 3m £ 3
m= 1
-  (Ef £i/£3X»72i sin T  -  *21 cos T) (4c)
where f l lf ft2 and f i3 are the resonance frequencies o f the 
passive cavity.
am is the linear net (amplitude) g a in ;© „ , is the self/ 
cross saturation coefficient describing the effect o f gain 
suppression on mode n due to the presence o f oscillating 
mode m; it consists o f nonlinear components due to hole- 
burning and population pulsation gain suppression; rj 
and £ are the the general saturation coefficients describ­
ing the phase dependent coupling between modes, pro­
duced by combination tones in the active medium 
(multiwave mixing effect); a  is the power independent 
pulling coefficient arising from the dispersive nature of 
the medium; r„m is the cross/self pushing coefficient which 
takes into account power dependent ‘mode repulsion' 
effects between the various modes, and T  is the relative 
phase angle defined as
T  =  (2v 2 -  vt -  v3)r +  2<t>2 -< t> i-4> 3  (5)
Using eqn. 5, we obtain the equation of motion for T ,
♦  = 2(»2+ * , ) - ( * ,+ & ) - ( » ,  + &) (6)
Substituting the frequency-determining eqns. 4 into 6, we 
obtain
¥  =  S +  A sin T  +  B cos T  (7)
where
S =  2a2 -  a x -  a 3 +  £?(2 t21 -  t u  -  t 31)
+  E l ( 2t22 -  t 12 -  t32) +  E l ( 2 x 2 3  -  t 13 -  t33) (8)
A =  2 E t E3 r\l3 +  (El E3IE x)t\23 +  (El E J E 3)r\13 (9)
B =  2E ,E 3 * I3 -  (E\ E3/ E ^ 23 -  (E\ E J E & 2X (10)
Hence it is seen that the frequency and amplitude deter­
mining equations do not depend on the phases individ­
ually, but only in combination as the relative phase angle 
T.
Eqns. 3a-e and 7 are the four basic working equations 
in this analysis. These simultaneous differential equations 
were solved numerically (using the Kutta-Mcrson 
method of integration within a standard library routine) 
to obtain the mode amplitudes and the relative phase 
angle T.
3.1 Estimation o f  parameter values  
The amplitude and frequency determining equations 
introduced above were originally developed for gas 
lasers. As such it is necessary to identify the semicon­
ductor laser analogues of the various terms contributing 
to the nonlinear dynamics. It is apparent that the 
coupled mode equations used to analyse multimode 
semiconductor laser operation are very similar to the 
equations given above. It is straight forward then to 
obtain the correspondence between the self and cross 
saturation coefficients.
Consider the amplitude determing eqn. 3a
L ai




If we let 
I — E2
and differentiate with respect to f, we obtain  
I =  2EE 
It follows from eqn. 11 that
= 2 * A l  -  /, -  ^  /, -  //I /
L a i a i a i J
This equation is compared with the coupled mode equa­
tions for multimode lasers [10] given by equation
Pi =  W o  P iV  - f i u P i  - £ i 2p2]  +  other terms (15)
where vg =  c/ng is the group velocity and g0 is the linear 
gain.
We note that I  =  p is the photon density (with units 
cm -3 ) and
<*i =  (p, 0 o/2) (16)
©li = ai/^n (12)
Using values given by Agrawal [10] where « , » 4  and 
^ a  6.7 x 10~17 ’
find
cm3 and assuming g0 — 60 cm *, we
vg =  7.49 x 109 cm s -1  
=  2.25 x 1011 s" 1 
© n  =  1.51 x 10-5 cm” s3 o - i
The values of other parameters such as a, t, rj and £ are 
assumed to have the same order o f magnitudes as 0 .  
With these values, the amplitude and frequency determin­
ing equations are adapted to model semiconductor laser 
multimode operation and then may be solved numeri­
cally.
4 Self-locking FM operation
As explained by Sayers and Allen [7 ], to determine the 
conditions under which locking occurs it is necessary to 
integrate the field amplitude and phase rate equations 
allowing the phase angle to become either constant (self­
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locked state) or monotonically increasing with time 
(unlocked state). For the present work it is shown that 
for nonlinear gain parameters appropriate to semicon­
ductor lasers, a self-locked state may be obtained in this 
way.
From the preceding Section we estimate that all the 
nonlinear parameters required for the present analysis 
are of the order 10“ 5 cm3/s. Then, for example, using the 
value 1.5 x 10“ 5 cm 3/s for all the nonlinear coefficients, 
it was found that the three-mode semiconductor laser 
evolved to a self locking state. The dynamical behaviours 












Fig. 1 Mode amplitudes and phase angle against time for gain nonlin­
earities of 1J x I0~3 cm3Is when a self-locked state is eat achieved
a Mode amplitudes 
b Phase angle
It must be stressed that this is a highly nontrivial 
result. It has been demonstrated here that gain nonlin­
earities typical o f semiconductor lasers are indeed suffi­
cient to cause self-locking to occur in multimode devices. 
In the following Section, attention will be given to the 
parameter dependence of self-locking. Here though we 
give an immediate illustration of the time dependence of 
the field amplitudes when self-locking does not occur. In 
Fig. 2 it is shown that in an unlocked state the phase 
angle increases linearly with time. In this case, side mode 
suppression to a large nonlinear gain causes the laser to 
run single mode.
4.1 O u tpu t p o w e r  in self-locked state  
To make a comparison with experimental observations of 
FM locking it is necessary to calculate the output power 
of the laser in the self-locked state. It is possible to relate 
the output power per facet P  to the photon density in the 
laser cavity p  by way of the relationship
P =  0.5hVnt go pV  (18)
considering the InGaAsP laser diodes and taking typical 
values [5 ] o f V, the device active volume (28 /zm3); ngy
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the group refractive index [4]; g0 , the linear gain 
(60 cm -1 ) and taking the photon energy hv correspond­
ing to an operating wavelength of 1.3 //m, it is found that 
eqn. 18 may be written as
P =  9.6 x 10" l6p  mW (19)











Fig. 2 Mode amplitudes and phase angle against time for gain nonlin­
earities cf lOx 19~s cm3/s when a self-locked state is not achieved
a Mode amplitudes 
b Phase angle
For the self-locked state shown in Fig. 1 the field 
amplitudes are
El =  5.273 x 107 cm "3/2
E2 =  9.364 x 107 cm "3/2
E3 =  5.825 x 107 cm "3/2
The corresponding total photon density is then estimated 
to be 1.494 x 1016 cm "3. With this value it is found that 
the laser output in the self-locked state is about 14.3 mW. 
That estimate is in excellent agreement with the experi­
mental results reported by Tiemeijer et al. [5 ], where FM
operation was observed powers in the range 7 mW to 
15 mW.
In contrast, using parameters appropriate to GaAs 
lasers, where the nonlinear parameters are typically of  
order 10"6 cm3/s [10], it was found that self-locking was 
predicted at output powers of the order of 200 mW to  
300 mW. Hence these effects would not be anticipated in 
GaAs lasers under normal operating conditions.
4 2  FM operation
The above consideration of the output power in the self­
locked state provides strong support for the assertion 
that gain nonlinearities account for the observations o f  
Tiemeijer et al. [5]. It is also important to consider the
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phase information obtained from the simulations 
described in this paper. In particular, the purity or other­
wise of the FM operation may be assessed from the cal­
culated value o f the phase angle 4*. Where ¥  is an integer 
multiple of 2rr, AM locking behaviour would be expected. 
On the other hand, FM locking would be obtained when 
*F has a value of n. In the calculations described here, *F 
is found to lie in the range 3 to 4 radians. For example, in 
the case shown in Fig. 1 the value of *F is 3.788. It is clear 
then that AM locking does not occur here but also it is 
apparent that pure FM locking is not predicted within 
the present formalism. However, since the simulations 
described here consider only three oscillating modes it is 
clear the the full set of Bessel-function side bands con­
tained in eqn. 2 are not included in the present treatment. 
For this aspect, in particular, there is a need to generalise 
the present analysis to a multimode formalism. As indi­
cated below, that extension is reserved for future work. 
At the moment it is simply noted that the predicted tem­
poral evolution o f the self-locked state in the three-mode 
analysis does not correspond to pure FM  operation.
5 N onlinear gain d iagnostics
In this Section we summarise results obtained from an 
investigation o f the parameter dependence of self-locked 
operation using a three-mode model. Within the 
acknowledged limitation o f this model it is sought to 
map out regions in the nonlinear coefficient parameter 
space where FM -locking is expected to occur. It is sug­
gested that this procedure may be useful as a means o f  
calibrating nonlinear gain mechanisms in semiconductor 
lasers. A considerable effort has been directed at eluci­
dating the mechanism(s) for gain nonlinearities in semi­
conductor lasers (see Reference 11 for a recent review). In 
particular, the role of multiwave mixing processes has 
been emphasised recently [12]. It is argued, therefore, 
that the results given below may be used to give quanti­
tative tests for theories o f nonlinear gain in semicon­
ductor lasers.
5.1 S e lf  a n d  cross  saturation effects  
The dependence o f the mode amplitudes and relative 
phase angle on the self and cross saturation coefficient, 
©*m, is illustrated in Figs. 3 and 4. It is found that
xIO7
7 82 3 4 5 6
e  xio'5
Fig. 3 Mode amplitudes in the self-locked state as functions of the self­
cross saturation coefficient
increasing the value of © (other things being held 
constant) will decrease the amplitudes of the various 
modes but will increase the steady-state value of the rela­
tive phase angle, in mode-locked operation.
The reduction in mode amplitudes for increased values 
of © mm can be explained as follows.
Consider the amplitude determining equation for 
mode 1:
£, = £,(>, -  ©12 Ei -  ©13 Ef]
— © i t E\ +  other terms (20)
3 36
86 72 3 4 5
6 Kf5
Fig. 4 Phase angle in the self-locked state as functions of the self-cross 
saturation coefficient
In the absence o f any interaction between the modes, the 
single mode equation would be
(21)
where =  © lt  is the self saturation coefficient for mode
1. Comparing these two equations, we see that the effect 
of the interaction terms © 12 and © 13 is to reduce the 
effective gain o f mode 1. a  in eqn. 21 is ^effectively 
replaced by terms in brackets in eqn. 20. Hence, increas­
ing ©*„ will decrease the effective gain o f that mode 
resulting in reduced steady-state amplitudes.
It is also found that the rate of decrease o f amplitude 
with respect to ©  is smallest in the central mode com ­
pared with the side-modes. For © >  8 x  10“ 5, the ampli­
tudes of the two sidemodes reduce to zero rapidly leaving 
only mode 2 in oscillation and m ode-locking ceases to 
occur. We thus see that there is an upper limit to the 
value o f ©  above which no-locking is observed. Since ©  
is inversely related to mode amplitudes and thus optical 
power, this implies that mode-locking occurs only when 
the laser optical power exceeds a minimum value. Fur­
thermore, increasing ©  will increase the steady-state 
values o f the relative phase angle, thus increasing the 
deviation of *F from the value n radians. The resulting 
FM intensity curve will be highly distorted due to the 
increase in the AM component in the FM  optical wave.
5 2  M ultiwave mixing effects
The parameter tj and f  represents the general saturation 
terms which take into account multiwave mixing effects 
on the mode coupling between the lasing modes. Figs. 5 
and 6 illustrate the dependence of the mode amplitudes 
and relative phase angle upon these general saturation 
terms. It is observed that the amplitudes of the side 
modes increase monotonically with increasing rj, whereas 
the amplitude of the central mode decreases at first and 
then increases after passing through a minimum point. 
For values of tj ^  2 x  10 “5, the output power of the laser 
is found to be greater than 30 mW and this output power 
increases exponentially as ?/ is further increased. Since for 
typical semiconductor lasers, the output power at mode- 
locking is of the order of 12 to 15 mW , we deduce that
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under normal circumstances, the value of q is likely to be 
smaller than 2 x 10"5.
From the amplitude variations curve, we also observe 
that the amplitudes of the side-modes decay to zero 






Fig. 5 Mode amplitudes in the self-locked state as functions of the 




Fig. 6 Phase angle in the self-locked state as functions of the multi- 
'■ wave mixing nonlinearity coefficient
operation goes to no-locking below this value. Further­
more, only one single longitudinal mode is oscillating 
under the no-locking situation. Thus, mode-locked oper­
ation only occurs when rj exceeds a minimum threshold 
value.
The parameters x  and a  describe the mode pushing 
and pulling effects of the laser modes. It is found that 
mode-locking is critically dependent upon the relative 
magnitudes o f tj, £, x  and a, as will be discussed in the 
following paragraphs.
Since mode amplitudes always settle to constant 
values in steady-state (regardless o f whether or not there 
is mode-locking), the parameters S, A  and B in the fre­
quency determining equation can be treated as constants,
*  =  S +  A  sin Y  +  B cos Y  (22)
where S, A  and B are given in eqns. 8-10. Hence, we can 
treat the frequency determining equation independently 
from the amplitude-determining equations in steady-state 
analysis. Eqn. 20 can be expressed as
*  =  S +  C  sin OF — YO (23) 
where
C =  V (/l2 +  B2) (24)
and
4*' =  — arctan (B/A) (25)
0
From eqn. 23, two situations exist. If A 2 +  B2 <  S2, Hf is 
always positive and hence Y  is monotonically changing 
with time and thus the modes are not locked. If 
A 2 +  B2 >  S2, =  0  in some instances. This implies
that Y is independent of time and thus, by definition, 
v2 — Vj =  v3 — v2 and the relative phase angle rapidly 
approaches a constant value, the actual value being 
dependent on S and other parameters in the amplitude- 
determining equations. The modes are therefore locked. 
Thus the necessary criterion for self locking is given by
A 2 +  B2 * 5  S2 (26)
Since A  and B  are dependent upon ij and £, whereas S is 
a function o f a  and t, from eqn. 26 we see that the mode 
locking may be achieved if the value o f ij and £ is large 
compared to c  and r. On the other hand, eqn. 26 is a 
necessary, but not sufficient, condition for mode-locking: 
to achieve locking it is also essential that the optical 
power of the laser exceeds a threshold value at which the 
nonlinear gain is significant [5]. Since the optical power, 
and hence the mode amplitudes are dependent upon 0 Bm, a, t\ and £, there is no explicit relationship to determine 
when, and at what values of the various parameters, 
mode-locking takes place. It is found that generally 
mode-locking is critically dependent on the relative mag­
nitudes of i/ and £ with respect to a and ©. It is also 
established that locking is more sensitive to the multi­
wave mixing parameters, rj and £ than the mode pulling/ 
pushing effects, a  and x.
In summary, it has been shown that
(i) For gain saturation parameters greater than about 
8 x  10"5 cm 3/s, side mode suppression is such that the 
laser operates in a single longitudinal modq y(at the 
central mode frequency) and hence FM  operation cannot 
occur.
(ii) For four-wave mixing nonlinearities less than 
about 2.5 x 10"3 cm3/s the central frequency again 
dominates due to insufficient cross-mode coupling.
(iii) For four-wave mixing nonlinearities greater than 
about 2 x  10"5 cm 3/s  self-locking requires laser output 
powers in excess o f 30 mW. The self-locked output power 
increases with increased nonlinearity.
Also it was found that
(iv) The value of the linear gain parameter does not 
significantly affect the behaviours described above. The 
value of the linear gain does, of course, help determine 
the powers in the locked state.
The results summarised in (i) and (ii) delimit regions in 
the nonlinear parameter space for which self-locking is 
sustained. Similarly, the determination of optical output 
powers in the self-locked state, indicated in (iii) and (iv), 
provide further indications of the gain nonlinearities 
present in the laser.
6 Conclusion
A three-mode model has been used to demonstrate the 
role of gain nonlinearities in effecting self-locked FM  
oscillation in semiconductor lasers. The requisite gain 
nonlinearities and lasing field intensities have been shown 
to be consistent with experimental observations. To 
demonstrate intensity-invariant FM operation and to 
establish the depth of FM modulation in the self-locked 
state, it is necessary to take more than three modes into 
account. An extension of the above formalism to include
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a larger number o f oscillating modes may easily be made. 
However, since considerable numerical work is required 
in that case, the application o f the multimode model is 
reserved for future work.
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Indexing terms: FM laser operation. Optical fibre communication
Abstract: A multimode formalism has been used 
to  estimate the intrinsic modulation index of semi­
conductor lasers. The calculated value o f 1.3 is in 
agreement with the available experimental evi­
dence. Pure FM  operation is inhibited and a small 
AM component is present in the self locked FM  
supermode.
1 Introduction
Active and passive mode locking of lasers, effected either 
by applying amplitude modulation (AM) or phase/ 
frequency modulation (FM) inside the laser cavity to 
cause the longitudinal modes to interact with one 
another, thereby locking them in phase, have been widely 
used to generate ultrashort (picosecond and sub­
picosecond), repetitive optical pulses. FM  mode locking, 
apart from providing a technique to produce periodic 
optical pulses, can also generate an FM  supermode signal 
in which the amplitude envelope is constant but a period­
ic frequency sweep occurs in the time signal [1, 2]. Some 
effort has been given to the study of FM  locking pheno­
menon in semiconductor lasers in view of the possibility 
of using frequency modulation in optical fibre communi­
cations. The relationship o f FM  laser operation and 
short pulse generation was investigated by Schremer and 
coworkers [3]. Nietzke et a i  have studied the generation 
of near-FM-operation sidebands by four-wave mixing 
nonlinearities [4], Recently, Tiemeijer et al. experimen­
tally demonstrated self induced FM supermode operation 
in multimode Fabry-Perot InGaAsP laser diodes [5]. In 
earlier work [6], we established the role of gain nonlin­
earities in causing self locked FM oscillation in semicon­
ductor lasers, using a three-mode model. The requisite 
gain saturation and multiwave mixing nonlinearities have 
been shown to be consistent with experimental observa­
tions of Tiemeijer et al. Although a three-mode model is 
sufficient to demonstrate the occurrence of intrinsic FM  
locking, it is necessary to extend the model of Reference 6 
to take more than three modes into account to calculate 
the depth o f frequency modulation.
In the present work, a multimode analysis o f self 
locked FM operation using five, seven and nine modes in 
semiconductor lasers is reported. A modulation index of 
1.3 has been found for the case of a five-mode FM super­
mode. This calculated modulation index is in agreement
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with available experimental evidence. Comparison 
between the calculated amplitude spectrum and the theo­
retical ideal Bessel function sideband spectrum shows 
that the self locked oscillation approaches pure FM oper­
ation. The inhibition o f pure FM operation is evident 
from the time-domain representations o f the self locked 
supermode.
2 Formalism
Passive FM  locking was examined in gas lasers many 
years ago [2, 7] and theoretical analysis performed in 
that context based on Lamb’s model o f self consistent 
multimode equations [8]. It was concluded from the 
work that the inclusion o f three cavity modes is adequate 
to establish the criteria for mode locking. In a previous 
work [6], the Lamb equations for three cavity modes 
were adapted to account for semiconductor laser proper­
ties and used to analyse self locked FM  operation in 
semiconductor lasers. It was established that nonlin­
earities in semiconductor lasers may indeed give rise to  
self locked FM  operation at output power level consis­
tent with experiment o f Tiemeijer [5 ]. In the present 
work, more than three modes are incorporated into the 
Lamb self consistent equations to obtain pure FM oper­
ation and calculate the modulation index of the FM  
supermode.
We consider an odd number of modes N  with fre­
quencies v„ where n =  1, 2, . . . ,  N, and v(1 +N)/2 is the 
central mode nearest to the gain peak. The modes are 
defined by field phasors of amplitudes En and phases <f>„. 
The amplitude and frequency determining equations 
given by Lamb for a multimode laser are
- I E  I
ft p  a
X Im  exp (W w )} (1)
v. + .^ = fi. + <r.-EEE £ . e , e . e ; '
ft p <r
x Re {Sn(tpa exp ( i T ^ ) }  (2)
where 4/„#ip<r is the relative phase angle defined as
=  (v« ~  v* +  vp ~  ve)t +  <f>» ~  <t>p +  4>p -  <f>o (3)
and i =  y j (— 1), Im and Re denote the imaginary and real 
parts of the complex quantity in the curly braces, respec­
tively, and a„ prescribes the linear gain o f the laser. Gain
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saturation and multiwave mixing nonlinearitics arc con- operation is [9]
tained in the coefficients aH is the power indepen­
dent pulling coefficient arising from the dispersive nature 
of the medium and is the passive cavity resonance fre­
quency of the nth mode.
In deriving the Lamb eqns. 1 and 2, the field Em cannot 
respond to frequency variations much larger than the 
cavity bandwidth v/Q, so that only terms that satisfy the 
following equation are retained:
v„ ~  v„ +  vp -  ~  0 (4)
P. = v.g^P.U -  £  -  ",P,y + R, (14)
or equivalently
n = t n - p  +  (T (5)
In the three-mode case, it was found that there are four 
nonzero relative phase angles satisfying eqn. 5, all of 
which could be written in terms o f a single relative phase 
angle, 4 *2 1 2 3 * ^ 2 3 2 1  =  ^ 2 1 2 3  an^ ^ 1 2 3 2  “
4 * 3 2 1 2  =  — 4 *2 1 2 3  • Hence only one independent 
could be determined in a three-mode laser. This is 
because one phase angle is arbitrary and another is deter­
mined by the choice of time origin [8]. In the Af-mode 
problem, therefore, there are in fact N  — 2 linearly inde­
pendent relative phase angles, which could be taken to 
have the form
'Vj+i.j.j+i.j+i ~ (2vj+1 “  vy — vj+2)*
+ 20,/+1 ~  0/ ~ 4>j+2 (6)
where j  =  1, . . . ,  N  — 2. To determine the initial condi­
tions o f the phases, consider time t  =  0. From eqn. 6,
20J+1 — <I>J — 4>J+2 =  ^ J+l.J .J+ l.J+2  (7)
If we choose the time origin so that ^  =  <f>2 — 0 , where 
<f> is an arbitrary constant, then <j>3 =  $  — 4 ^ 1 2 3 »and* in 
general,
0 m  2 0 m — i 0 m  — 2  4*m _ 1, m — 2 , m — 1. m
(m =  3 , . . . ,  A/) (8)
Hence by specifying the initial values of N  — 2 number of  
independent and =  0 2 =  0 , 0  being an arbi­
trary constant, all the phases are defined. Furthermore, 
other dependent s in the amplitude and frequency 
determining equations which satisfy eqn. 5 are properly 
and completely defined in the initial conditions (t =  0) by
4 **fipo  0 n  0 i »  4 "  0 p  0 a (9)
since all <j)„ are defined.
To identify the semiconductor laser analogues of the 
various terms contributing to the nonlinear dynamics, we 
introduce the cross/self saturation coefficient 6„m and 
cross/self pushing coefficient rBm as
Qnm = Im {3„nmm + (10)
T«m = Re (9nnmm + 3,mmn} (11)
The amplitude determining eqn. 1 then becomes
E, =  a „ E ' - Y . e nmE l E , +  -- (12)
m
Letting I =  E2 and differentiating with respect to r, the 
rate equation of /  becomes
I = 2 olJ A I -{i + (13)
The semiconductor coupled-mode equation which is 
widely used to analyse multimode semiconductor laser
where vg -  c/ng is the group velocity, c is the velocity of 
light in vacuum, ng is the group index, is the linear 
gain coefficient per unit length, y is the loss coefficient per 
unit length and Rsp is the rate of spontaneous emission. It 
is apparent that the semiconductor coupled-mode equa­
tion is very similar to eqn. 13. Comparing the two, a =  
vgg<i/2 and 0Hm =  a„ flHm. Using values from Reference 9, 
gives
group index n =  4
saturation coefficient /? =  6.7 x 10“ 17




vg — 7.49 x  109 cm s 1
a =  2.25 x 1011 s " 1
3 o - lsaturation coefficient 0 =  1.51 x 10 5 cm3 s
The values o f other nonlinear parameters such as 9, r 
and a  are assumed to have the same order o f magnitude 
as 0. With all these parameter values and initial condi­
tions for the amplitudes and relative phase angles, the 
Af-mode amplitude and frequency determining eqns. 1 
and 2 can be solved numerically to obtain the time evolu­
tions of the mode amplitudes and phases.
3 S e lf locked FM operation
For nonlinear gain parameters appropriately adapted to 
take into account o f semiconductor laser properties, it 
was found that a self locked state may indeed occur. Here 
it is shown that, with a multimode treatment, almost pure 
FM operation can be obtained.
3.1 Modulation index
In pure FM  operation, the field of the FM supermode 
has a constant amplitude, E0 and is o f the form
E(t) =  Eq cos (g>0 1 +  p  cos cot) (15)
where f$ is the modulation index, co is the beat frequency
between adjacent modes and <o0 is the frequency o f the
dominant mode, taken as the central mode. The relative 
amplitudes of the cavity modes are defined by the Bessel 
functions
£(0  =  £o Z  J-(P) cos |(g )0 +  nco)t -  | n | (16)
The modulation index P for the self locked FM oscil­
lation may then be deduced from the calculated mode 
amplitudes by making use of the standard Bessel function 
identity
(17)
Using a five-mode model, the steady-state mode ampli­
tudes were computed and plotted against frequency as 
shown in Fig. la. This calculated amplitude spectrum is 
compared with the theoretical ideal FM  sidebands in Fig. 
lb. The general agreement between the calculated and the 
theoretical FM  sideband spectra suggests that the self 
locked oscillation approaches pure FM  operation.
For a typical FM supermode with five frequency com ­
ponents, the calculated field amplitudes were normalised 
with respect to the central mode amplitude and the 
modulation index P was found using eqn. 17. A modula-
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tion index of 1.3 is obtained for the parameters given in 
Section 2 and which are appropriate to long wavelength 
laser diodes. This calculated modulation index is in good 
agreement with values observed experimentally [5],
tu_2 u»_, uiq ijl>2
uj_2 ujq Ul>2
b
F ig . 1 General agreement between two spectra
a Calculated five-mode self locked amplitude spectrum 
b Ideal Bessel function sideband spectrum
3 2  Limitations to pure FM operation 
The time-domain representations of the self locked super­
modes with five, seven and nine frequency components, 
together with the respective computed output power and 
modulation index, are shown in Fig. 2. It is evident from 
the observation of the waveforms that a small periodic 
variation in the signal amplitude envelope is present and 
pure FM operation is inhibited. This indicates an admix­
ture of AM component in the self locked FM supermode. 
The periodic nature of the amplitude envelope variation 
is due to the locking of the longitudinal modes at the 
same beat frequency. Thus, instead of a pure FM oscil­
lation as given in eqn. 15, the field of the self locked oscil­
lation can be written in the form
E(t) =  £ 0 { 1  +  /(t)} cos {(o0 t +  fi cos (cot +  6 )} (18)
where /(f)  denotes a time function describing the varia­
tion of the signal amplitude envelope, which is not explic­
itly specified in the present multimode context, and is a 
result of the residue amplitude modulation, and 0 is the 
relative phase between the frequency and amplitude 
modulation.
It was found that self locked FM operation, caused by 
medium nonlinearities, is always accompanied by a small 
AM component for nonlinear parameters associated with 
semiconductor lasers. A qualitative explanation for the 
admixiture of AM and FM components in the self locked 
FM supermode is given below which involves the contri­
butions of various nonlinearities.
As explained by Agrawal [9], the physical origins of 
nonlinearities in semiconductor lasers are static hole 
burning, population pulsations due to the modulation of
carrier population by intcrmodel beating, and multiwave 
mixing occurring in the presence of population pulsa­
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F ig. 2  Time waveforms o f  self-locked F M  operation; output power 
and modulation index increase as number o f  modes in analysis is increased 
a Five lasing modes; mean output power: 11.7 mW; FM index: 1.25 
b Seven lasing modes; mean output power: 16.4 mW; FM index: 1.35 
c Nine lasing modes: mean output power: !8.9 mW; FM index: 1.90
self locking is critically sensitive to multiwave mixing 
parameters, Sn(ipa exp (W mpp<,). The term '¥npp<t represents 
the phase dependent coupling between modes and arises 
due to the beating of beat frequencies between lasing 
modes, which in semiclassical laser theory are often 
referred to as combination tones [ 8 ]. Owing to multi­
wave mixing in the presence of population pulsations, the 
carrier population of the active medium is modulated at 
the beat frequency between lasing modes. This carrier 
density modulation translates to a modulation of 
refractive index because of the free-carrier contribution to 
the refractive index. The modulation of the refractive 
index in turn causes the optical length of the laser cavity 
to be modulated and thereby modulates the eigen- 
frequency of the Fabry-Perot resonator. Thus self locked 
FM operation is affected. On the other hand, owing to 
the carrier dependence of medium gain, the carrier modu­
lation also leads to gain/loss modulation of the active
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medium. This gain/loss modulation results in the mode 
amplitudes variation and thus produces an AM com ­
ponent in the self locked FM supermode.
4 M odulation index dependence on nonlinearities
In this Section, we present results obtained from an 
investigation of the dependence of frequency modulation 
index on medium nonlinearities using a live-mode model. 
Comparison of the calculated output optical power with 
experimentally determined output power of semicon­
ductor lasers under which self locked FM operation was 
obseryed renders an estimation o f the range of valid 
values for the various nonlinear parameters.
4.1 S e lf  a n d  cross saturation nonlinear effects  
The presence of self/cross gain saturation in multimode 
semiconductor laser operation causes the mode ampli­
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Fig. 3 Effects of self saturation nonlinearities, 6 ^  on frequency modu­
lation index and output power
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Fig. 4 Effects of cross saturation nonlinearities, 0^ on frequency 
modulation index and output power
  modulation index
 output power
of self and cross saturation nonlinearities on frequency 
modulation index and output optical power, respectively. 
Both the modulation index and output power decrease as 
the self/cross saturation coefficients get larger. Since self 
locked FM operation was observed in laser diodes for 
output powers below 20 mW [5], we deduce from the 
Figures that the values of self/cross saturation coefficients 
are likely to be equal or greater than approximately
1.5 x 10"5 cm3 s -1 . It is also observed that the modula­
tion index drops off sharply and FM locking ceases to 
occur for 6nm >  3.5 x 10-5  cm3 s -1 . It is therefore seen 
that for appropriate values of 0„m, other things being 
held constant, the modulation index lies approximately 
between 1.15 and 1.30 for a five-mode laser model.
4 2  Multiwave mixing nonlinear effects  
The general saturation term 9Hltp„ is a complex quantity 
arising from the polarisation of the active medium due to 
the interaction of the medium with an electromagnetic 
field. The complex polarisation P  can be related to the 
electric field component £  by a complex susceptibility %, 
that is
=  £o W  +  ijftE  (19)
where e0 is the permittivity of free space. Re {9} is pro­
portional to /  which is associated with the refractive 
index o f the medium whereas Im {9} varies directly with 
X" which gives the medium gain o f semiconductor lasers 
[10].
The variations of modulation index with the real and 
imaginary parts o f 9  are depicted in Fig. 5 and Fig. 6, 







. ■ * " '1x 1 o r5x10'-5x10'-1x10'
Fig. 5 Frequency modulation index dependence on Re {3}
modulation index
20 ooutput power
8 9 10 11 12 13 14 15 16
ImfyJxIO-6
Fig. 6 Frequency modulation index dependence on Im {3}
  modulation index
 output power
increased and saturates at the value o f 1.332. The output 
power does not seem to have a significant correlation 
with Re {9}. On the other hand, both modulation index 
and output power increase with increasing Im {9}. This is 
because higher values of Im {9} mean higher medium  
gain and therefore increasing the output light power. 
Consideration of experimentally determined output 
power for which self locked FM operation occurs sug­
gests that the value o f Im {9} is likely to be below
1.5 x 10“ 5 cm3 s -1 . However, there is a threshold value 
of Im {9}, and therefore a minimum output power, below  
which the oscillation ceases to be mode locked [6],
In summary, we have obtained the values of the self 
and cross saturation coefficients 6„m for realistic semicon­
ductor laser parameters, by suitably adapting the Lamb 
amplitude-determining equation and comparing it with
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the semiconductor coupled-mode equation frequently 
used to analyse multimode semiconductor laser oper­
ations. The values of other nonlinear parameters such as 
S, t  and a  were assumed to be equal to 0Hm ^  1.5 
x  10-5  cm 3 s -1 . These nonlinear parameters were then 
varied independently in the vicinity of 1.5 x 
10- 5 cm 3 s -1 to analyse the self locked FM operation 
and investigate the nonlinear gain dependence o f the 
modulation index and optical output power.
It was shown that the modulation index increases with 
the optical output power, which in turn is determined by 
the various nonlinear parameters. Self and cross satura­
tion coefficients cause gain suppression and hence reduce 
output power and modulation index, whereas Im {3} is 
proportional to medium gain and thus enhances optical 
output power and modulation index. For a five-mode 
laser, a modulation index in the range o f 1.15 to 1.3 at an 
output power less than 20 mW is typical for nonlinear 
parameters appropriate to semiconductor lasers. These 
values are in good agreement with experimental evidence. 
When seven and nine modes were taken into account in 
the analysis, the output power increases at a given linear 
gain value compared to the five-mode case and the 
modulation index increases correspondingly with the 
optical output power.
5 Conclusion
A multimode analysis o f self-locked FM  operation of 
laser diodes has been reported. Calculation o f the modu­
lation index using this multimode semiconductor laser 
model yields a value o f 1.3 which is in good agreement 
with experimental value. A small AM component which 
gives rise to slight amplitude envelope variations is
shown to be present in the FM supermodc and inhibits 
pure FM operation. The contributions o f various nonlin­
earities on the self locked FM operation dynamics are 
also pointed out. Further work is in progress to incorpo­
rate the carrier density in the self locking dynamics of  
FM operation and to determine the injection current 
level necessary to obtain FM locking. There may also be 
scope for revealing novel external cavity effects related to 
recently reported phase-reversal behaviour in semicon­
ductor lasers [11].
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' We theoretically study the possibility of achieving intersubband population inversion in coupled 
GaAs quantum wells, taking into account the relevant physical mechanisms of resonant 
tunneling and intersubband emission-absorption processes. Two coupled quantum well 
structures having intersubband resonant wavelengths o f 10 and 60 fim  are considered. We find 
that, in the case of an operating wavelength of 60 fim, intersubband population inversion is 
achievable at acceptable injection current densities even for room-temperature operation. 
However, achievement of intersubband population inversion is significantly more difficult at the 
shorter wavelength. The temperature and carrier transit time dependence of intersubband 
population inversion are also calculated.
Recent advances in semiconductor epitaxial growth 
technology have made feasible the fabrication of ultrathin 
novel structures such as coupled quantum wells and super- 
lattices and has motivated an extensive study of the physics 
and applications o f these reduced-dimensionality devices. 1 
A large research effort has been devoted to the tunneling 
effects in semiconductor superlattices and coupled quan­
tum wells. 2 - 4  Also, studies on intersubband transitions of  
confined electrons in quantum wells have shown large val­
ues o f oscillator strength and dipole moment, 5  and suggest 
that intersubband transitions may be utilized to generate 
coherent radiation in the infrared and far-infrared fre­
quency ranges.6-* Several structures have been proposed 
for intersubband population inversion, 9 - 1 1  and in most of 
these cases, quantum well energy filters were used to selec­
tively inject carriers into the upper subband and remove 
carriers from the lower subband by resonant tunneling. 
Reported studies on the feasibility of lasing action in the 
infrared wavelength range involving intersubband transi­
tions in resonant tunneling quantum well structures have 
so far been based on the assumption that intersubband 
population inversion is achieved at a certain level of injec­
tion current.
In this letter, we incorporate resonant tunneling and 
intersubband absorption-emission processes in a theoretical 
model of carrier transport in coupled GaAs quantum wells. 
Specifically, we assess the possibility of achieving intersub­
band population inversion and explicitly calculate the in­
tersubband population inversion as a function of injection 
current density. Comparison is made of the level of injec­
tion current density needed to obtain intersubband popu­
lation inversion between two coupled quantum well struc­
tures having intersubband resonant wavelengths in the 
infrared and far-infrared ranges, respectively. The depen­
dence of intersubband population inversion on temperature 
and carrier transit time through the coupled quantum well 
structures are considered.
The analysis is performed for two different coupled
quantum well structures having intersubband energy sep­
arations of 124 meV (A = 10  fim) and 20.7 meV (A =  60 
fim), respectively. The schematic conduction band profiles 
of the two structures under operating bias are shown in 
Fig. 1. Both structures consist of two energy filter wells, 
QW1 and QW3, having only one quasibound state each 
(is, and is3, respectively) and an emission quantum well 
(QW2), where intersubband transitions take place between 
two states, E[2) and E^x). The AlxG a,_ xAs-GaAs (jc 
=0.45) material system is used in structure I. Due to the 
small energy scales corresponding to the far-infrared fre­
quencies associated with structure II, rather wide emission 
well is required. In order that the energy filter quantum 
wells of structure II have only one quasi-bound state each 
and that the various energies align properly under operat­
ing bias, In^Gai.^As-Al^Ga,^jAs O'= 0 .15 ) the material
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FIG . 1. Coupled quantum  wells biased to the operating voltage (not 
drawn in proportion). Two structures are considered in which the inter­
subband energy separation in QW2 of (a) struc tu re  I is 124 meV and (b ) 
structure II is 20.7 meV. The coupled quantum  wells are sandwiched 
between n-doped injector and collector (shaded regions). E j  is the Fermi 
energy in the doped injector.
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system is employed in the filter wells and GaAs in the 
emission well. Under zero bias, the well widths o f both 
structures are designed such that E , and Zs3 in the filter 
wells are in the middle of Zs^ and E^2) in the emission 
well. When the structures are biased to the operating volt­
age, Vb~  ( £ l2)- ^ I}) /2 , the energy subbands are aligned 
as shown in Fig. 1. Electrons are injected into the upper 
subband o f QW2 through filter well QW1 and are removed 
from the lower subband o f QW2 through QW3, via reso­
nant tunneling. The confined electrons in the emission well 
undergo intersubband transitions such as stimulated radi­
ative emission, absorption, and intersubband relaxation.
We assume that there is no carrier source or sink in the 
coupled wells and thus the external injection current den­
sity Ja t  entering and leaving the structures are the same. 
The carrier rate equations describing the temporal varia­
tion o f electron densities in the respective subbands o f the 
coupled quantum wells are
1
( j 1^2—7*2—1 + /» t)»  (1 )
/*22) = — /i-.2)> (2)
f*21>=^ + j ^ 0 2 - 3 ~ . /3 - 2 ) »  (3 )
1
«3=^(y*3-2—>2-3“ e^xt)» (4)
where n [b) denotes the time rate o f  change o f  electron 
density in quantum well a { a —1,2,3) and subband b  (there 
is only one subband in QW1 and QW3 and thus the super­
script b  is omitted). The net downward intersubband tran­
sition rate in QW2, A (per unit volume and time) appro­
priate for a two-dimensional system, is given by12
„(2) (1) n2 —n2
A = 1 P T7  J ' V n£n2 /nc1 — en2 ~2
X [ ( * + S )  (en22)/n‘2 - 1) - X * ( e n2 )/n‘2 - 1) ] (5 )
and the transversal electric current densities through the 
barriers resulting from resonant tunneling are12
eL 2 ... 
j i ~ 2 —~ =  &En[ \  j 2- \ = —=■
irh irh
(6)
eL z eL 2 m
j 2^ = ~ E EE'nJ, j 3_ 2= - ^ \ E ' n l1" ,
irh irh
and nc2=  ( m2k BT )/{ irJ?L 2) is the quasi-two-dimensional 
degeneracy concentration, X  is the stimulated radiative 
emission rate, X*  is the absorption rate, S  is the intersub­
band relaxation rate, AE  and AE ‘ are the energy level 
broadening due to the coupling of adjacent quantum wells, 
k B is the Boltzmann constant, T  is the electron tempera­
ture, h = h /(2 ir ) ,  where h is the Planck’s constant, e is the 
electronic charge, and m* is the effective mass o f electron.
In steady state, Eqs. (1 )—(4) reduce to
TADLE I. Numerical parameters used in the simulations.
Structure I Structure II
A (/im) 10 60
A, (A) 40 70
^  (A) 82 283
Li (A) 40 70
d {  A) 20 20
AE (meV) 7 3
A ET (meV) 5 1
S ( s - ‘) 1012 (3X 10-10) - 1
I07 107
eLE
p ( £ i « i  —
irh
(7 )
- £ 3rc3) = / Mt, (8 )
AeL2= J cxt. (9 )
Since the current injection is equal to the rate of total 
charge passing through the quantum well structure, we can 
write
Jn t= — [n xL\ +  {,n2 )+n!2 )) L 2+ n 2L i \,  (10)
r T
where r T is the effective transit time o f  carriers through the 
whole structure which includes not only the transmission 
time through the barriers and the intersubband transition 
time, but also time delays caused by intrasubband scatter­
ing and electron diffusion.
The electron densities in the various subbands are 
highly dependent on the rates o f stimulated radiative emis­
sion, absorption, and intersubband relaxation as indicated 
by Eq. (5 ) . For intersubband energy separation greater 
than —36 meV, optical phonon scattering is the main in­
tersubband relaxation process. Relaxation times o f  the or­
der of 10 ps at 300 K for intersubband energy separation o f  
120 meV in GaAs quantum well were reported by Seil- 
meier,13 whereas recent experimental measurement and 
theoretical calculation reported subpicosecond intersub­
band relaxation time.14,15 We use an intersubband relax­
ation time o f 1 ps for structure I. A  typical value of acous­
tic phonon relaxation time16 of s ;3 X lO _10 s is used for 
structure II which has an intersubband energy separation 
less than the optical phonon energy. In both structures, an 
intersubband radiative emission time o f 0.1 /zs is used. The 
stimulated emission rate X  is equal to the absorption rate 
X*.
Table I shows the various numerical parameters for the 
two structures used in the calculation. The result shows 
that carrier densities in all subbands increase as the exter­
nal injection current density is increased. The calculated 
intersubband population inversion, A n = n $ 1) —n ^ , for the 
two structures are shown in Figs. 2 (a) and 2 (b ), respec­
tively. Comparison between the two results shows that sig­
nificantly higher injection current density is needed to 
achieve intersubband population inversion in structure I. 
This is because the downward transition o f  structure I is
1090 Appl. Phys. Lett.. Vol. 63. No. 8. 23 August 1993 Yee. Shore, and Scholl 1090
0-
200 40 8060 100t
Injection current density. J „  ( kA/cm* )
Eo




Injection current density. J.* ( kA/cm* )
FIG. 2. Intersubband population inversion, An dependence on injection 
current density at different temperatures for (a) structure I, where r r  
=4.0 ps, and (b) structure II where r r = 0.7 ns.
i
I dominated by the very fast optical phonon relaxation 
' whereas a much slower acoustic phonon relaxation (down 
[ by ~ 2  orders o f magnitude) limits the downward transi- 
| tion in structure II. It therefore appears that lasing action 
based on intersubband transition may be feasible only, at 
reasonable level o f injection current, in the far-infrared 
wavelength range. However, the absorptive loss is higher 
for longer wavelengths, and thus there is a trade-off to be 
considered when designing such a laser. Figure 2 also 
1 shows that intersubband population inversion is more dif- 
| ficult to achieve if the temperature is increased, although 
[ the temperature dependence o f population inversion for 
; structure II is relatively small. We have assumed that non- 
I resonant tunneling and thermionic induced carrier leakage 
from the upper subband of QW2 to the collector are neg­
ligibly small. In practice, thermionic excitation o f carriers 
in high-temperature operation may affect the temperature 
dependence of the intersubband population inversion.
The minimum level of injection current density re­
quired to achieve intersubband population inversion, 
which we define as the population inversion threshold cur­
rent density JtT, is dependent on the effective transit time 
r T as shown in Fig. 3 for structure I. Any extra time delays 
caused by intrasubband scattering such as carrier-carrier 
| scattering or the increase in transmission time due to thick 
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FIG. 3. Calculated inversion threshold current density Jtr as a function of 
transit time at various temperatures for quantum well structure I.
structure I is ss3.8 ps from Fig. 3. The transit time depen­
dence o f Jxx for structure II is much less pronounced, pos­
sibly due to the much larger transit time, r r ~ 0 .6 5  ns.
In conclusion, we have theoretically studied the carrier 
transport in coupled quantum wells, taking into account o f  
resonant tunneling and intersubband transitions. The in­
tersubband population inversion has been explicitly calcu­
lated as a function of injection current density for two 
structures. The results show that intersubband population 
inversion is achievable at acceptable injection current den­
sities even for room-temperature operation in the case o f  an 
emission wavelength of 60 fim. This letter has concentrated 
on the transport processes related to the achievement o f  
intersubband population inversion. Further work is now in 
progress to address the issue of designing an optimized 
structure for far-infrared lasing. In this respect, attention 
also needs to be given to the requirements for reducing 
optical losses at the wavelength o f interest
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A bstract. We study theoretically the conditions for achieving lasing action 
at infrared and far-infrared wavelengths based on intersubband transitions in 
semiconductor quantum well structures, taking into account resonant tunnelling 
and intersubband absorption-emission processes. Analysis of optical losses in the 
semiconductor quantum well structures reveals that a  reasonably low threshold 
current density in the range of 1-5 kAcm-2 is achievable for room temperature 
lasing a t emission wavelength of k =  60 fim . A significantly higher threshold 
current density of 40-50 kAcm-2 is required for lasing at A. =  10 fim .
1. Introduction
The ability to fabricate ultrathin semiconductor hetero- 
structures such as multiple quantum wells (QW) and 
superlattices has motivated in recent years an extensive 
study o f  the physics and applications o f these reduced- 
dimensionality devices [1]. In particular, the optical 
properties o f  semiconductor coupled QW stmctures and 
superlattices in the infrared wavelength range have 
attracted considerable attention since the first observation 
o f  large values o f oscillator strength and dipole moment 
between QW subbands by West et al [2]. Infrared 
photodetectors based on intersubband absorptions in QW 
structures have been extensively studied and successfully 
implemented for wavelengths in the range 4 -12  fim  
[3]. In view o f the great potential applications in 
medicine, spectroscopy, radio astronomy and free-space 
communication, it is o f considerable interest to achieve 
the reverse process o f intersubband radiative emission 
for possible realization of infrared semiconductor lasers.
The first observation o f spontaneous intersubband 
radiative emission in GaAs-AlGaAs superlattices was 
reported by Helm et al [4, 5]. However, in order 
to obtain coherent infrared lasing from intersubband 
transitions, it is necessary to achieve a sufficiently 
high degree o f intersubband population inversion at 
reasonably low pumping. This represents a major 
challenge due to the overwhelming contribution of non- 
radiative phonon emission, which depopulates the upper 
subband at a very fast rate. Many schemes have been 
proposed to achieve intersubband population inversion, 
most o f  which concentrate on current injection pumping 
[6-13], while a few approaches focus on optical pumping 
using a C 0 2 laser source [14, 15].
In early studies on current injection pumped infrared 
semiconductor lasers based on intersubband transitions,
sequential resonant tunnelling has been used to populate 
the excited state and depopulate the ground state o f  
an electrically biased multiple QW structure [5-7]. 
Although weak spontaneous emission has been observed 
[5] using this process, intersubband population inversion 
has not been achieved. This is due to the fact that 
sequential resonant tunnelling from the ground state 
o f one QW to the first excited state o f  the adjacent 
QW represents carrier transport in an essentially two- 
level system, and that population inversion cannot be 
achieved using just two states. On the other hand, while 
population inversion may be possible using sequential 
resonant tunnelling from the ground state to the second 
or higher excited state o f an adjacent QW, the subsequent 
relaxation o f  electrons to the first excited state and 
the ground state makes population inversion between 
these two states very difficult. It was also found that 
intersubband population inversion is not likely to be 
achievable in double-barrier single-QW structures [16].
In order to facilitate the selective injection o f  
electrons into the first excited state and removal o f  
electrons from the ground state o f an emission Q W , 
resonant tunnelling quantum well energy filters have 
been proposed and shown to lead to intersubband 
population inversion [8-10]. These studies, however, 
assumed a simple relation between the intersubband 
population inversion and the injection current density, 
without taking into account the relevant physical 
mechanisms o f resonant tunnelling and intersubband 
emission-absorption processes in the electron transport 
dynamics.
By careful engineering of a new multi-quantum well 
heterostructure utilizing tunnelling processes to populate 
the first excited state and depopulate the ground state, 
intersubband electroluminescence at A. =  5 fim  has 
been observed very recently by Faist et al (17) at
0268-1242/94/061190+08S19.50 ©  1994 IOP Publishing Ltd
room temperature. This observation has brought the 
development effort a step closer to the realization of an 
infrared semiconductor laser and clearly demonstrates 
the feasibility o f tunnelling current injection pumping 
for use in a laser structure.
In an earlier letter [18], we outlined a carrier trans­
port model related to the achievement of intersubband 
population inversion in triple-QW structures. The pur­
pose o f this paper is to report a theoretical investiga­
tion into the possibility o f achieving infrared lasing in 
resonant tunnelling QW structures based on intersubband 
transitions. In this respect, optical loss analysis is carried 
out taking into account the configuration of the semicon­
ductor laser device. The threshold current density is ex ­
plicitly calculated consistent with the optical losses in the 
laser device for emission wavelengths of 1 0  and 60 /im . 
In section 2 we present a transport model describing 
the electron population dynamics in resonant tunnelling 
QW structures, which takes into account intersubband 
emission-absorption processes. The transparency cur­
rent density is calculated in section 3 taking into account 
the dependence on carrier~transit time and intersubband 
relaxation time. In section 4 the issue of optical loss is 
addressed for different doping densities in the cladding 
layers. The solution of the four-level carrier rate equar 
tions from the transport model in conjuction with the 
balance o f gain and optical loss yields the threshold cur­
rent density. The feasibility o f using current injection 
resonant tunnelling QW structures for far-infrared lasing 
is thus demonstrated. Finally, we summarize the results 
in section 5.
2. M odel
2.1. Resonant tunnelling quantum well structures
We study the feasibility of achieving lasing action 
in triple-coupled QW structures which utilize resonant 
tunnelling to selectively populate the upper level and 
depopulate the lower level o f the lasing transition. 
The analysis is performed for two different resonant 
tunnelling QW structures as shown in figure 1. QW2 
is the emission well where intersubband transitions take 
place between the first excited state with energy E™ 
and the ground state with energy . The emission 
wavelength corresponding to the intersubband energy 
separation E ^  — E ^  is determined mainly by the choice 
of the emission well thickness L2. We consider here 
two different structures: structure I with an intersubband 
energy separation of 124 meV (corresponding to an 
intersubband emission wavelength of A =  1 0  /xm) and 
structure II with an intersubband energy separation o f  
21 meV (A =  60 /xm).
QW1 and QW3, which are designed to have only 
one quasibound state each (with energies £j and E 3 
respectively), act as resonant tunnelling QW energy 
filters. Under zero bias, the well widths of the resonant 
tunnelling energy filters are engineered such that E\ and 
£ 3 are in the middle o f E™ and E(2) in the emission







Figure 1. Schematic conduction band profiles of the 
resonant tunnelling quantum well structures biased to 
the operating voltage (not drawn in proportion) for (a) 
infrared lasing at A =  10 /xm and (b) far-infrared lasing 
at A =  60 /xm. Hatched regions represent n-doped 
conducting layers. Ef is the Fermi energy level.
well. When the structures are biased to the operating 
voltage, Vb «  (E™ — E ^ ) / ! , the energy states are 
aligned as shown in figure 1. Electrons are efficiently 
injected into the first excited state o f QW2 through filter 
well QWl, and are removed from the ground state o f  
QW2 through QW3, via resonant tunnelling. The confined 
electrons in the emission well QW2 undergo intersubband 
transitions such as intersubband relaxation, stimulated 
radiative emission and absorption. As the device acts as 
an energy filter, the influence of any non-resonant energy 
bands would be small. In particular, the contribution 
of any other subbands that may exist in QW2 can be 
neglected since those states would not be resonant with 
the aligned levels in QWl and QW3.
The triple-QW resonant tunnelling structures are 
sandwiched between n-doped regions o f the cladding 
layers which are called the injectors and collectors. 
The injectors and collectors, apart from serving as 
the electron reservoirs for the resonant tunnelling QW 
structures, also provide optical confinement to the active 
QW regions since the refractive index drops significantly 
in the n-doped regions due to the higher electron density. 
The AljfGai-jAs-GaAs (x =  0.45) material system is 
employed in structure I. Since the intersubband energy 
separation of 21 meV corresponding to the far-infrared 
frequency of 5 THz in structure II is very small, a rather 
wide emission well is required. In order to ensure that 
the energy filter QW of structure II have only one quasi- 
bound state each and that the various energies align 
properly under operating bias, very deep filter wells are 
required. These requirements are satisfied by using the 
InvGai-yAs-AljrGai-jAs (x =  0.45, y  =  0.15) material 
system in the filter wells and GaAs in the emission well 
for structure II.
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2.2. C arrier population dynam ics
Since the intersubband transition and resonant tunnelling 
processes occur at a much faster rate than the interband 
transitions, we assume that there is no carrier source or 
sink in the coupled quantum wells. Thus the external 
injection current density J  leaving the structure is the 
same as that which enters. The temporal variations o f  
electron density in the respective subbands are described 
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where denotes the electron density in quantum well 
a {a — 1 ,2 , 3) and subband b (there is only one subband 
in QW l and QW3 and thus the superscript b  is omitted), e 
is the electronic charge and X  is the stimulated radiative 
emission coefficient (inverse time), which is a function 
o f  the photon density P.  The tunnelling times t | 2  and r2 3  








where h is the Planck’s constant divided by 2j t; A E  and 
A E ' are the energy level splittings due to the coupling 
o f QW l and QW2, and QW2 and QW3, respectively. The 
total intersubband relaxation rate Asp in QW2 (per unit 
volume and time), appropriate for a two-dimensional 
system, is given by [19]
Asp =  S (n™  -  nV
exp(n22 )/n C2) -  1
e x p ( « 22)/ « c 2) -  e x p ( / iV V « c 2)(i)
where S  is the intersubband relaxation coefficient 
(inverse time), nC2 =  m \k BT / tc}? L 2 is the quasi-two- 
dimensional degeneracy concentration, m \  =  0.067 mo 
is the electron effective mass in GaAs, m0  is the free 
electron mass, kB is the Boltzmann constant and T  is the 
electron temperature. The above expression incorporates 
the energy dependence o f the carriers using Fermi-Dirac 
statistics as appropriate to semiconductor laser operation 
[19].
Since the current injection is equal to the rate o f total 
charge passing through the resonant tunnelling quantum 
well structure, we can write
J — — i L\ 4- (n\ * + ^)L2 4" /r3Z-3J (6)
where Xj is the effective transit time of the carriers 
through the whole structure, which includes not only
the transmission times through the barriers and the 
intersubband transition times, but also time delays 
caused by intrasubband scattering and electron diffusion. 
The electron densities in the various subbands can be 
obtained as a function o f the external injection current 
density by solving the carrier rate equations in a steady 
state subject to the constraint imposed by equation (7 ).
The coupled quantum well structures utilizing 
resonant tunnelling energy filters provide an efficient 
means o f carrier injection into the upper subband 
and carrier removal from the lower subband o f the 
emission well. It should be noted that without the 
eneigy filter quantum wells the structure becomes 
essentially a two-level system, and in that case 
intersubband population inversion cannot be obtained. 
To assess the possibility o f intersubband population 
inversion in the proposed quantum well structures, the 
relevant physical mechanisms o f intersubband em ission- 
absorption processes have to be taken into account.
The principal intersubband transition processes 
include stimulated emission of radiation, absorption and 
intersubband relaxation. For current injection pumping 
and operation below lasing threshold o f  the coupled 
quantum well infrared laser structures, the stimulated 
emission and absorption rates are negligibly small 
compared with the intersubband relaxation rate. As a 
result, the term proportional to X { P )  in the carrier rate 
equations can be neglected.
The intersubband relaxation coefficient, S , is given  
by the inverse o f the intersubband relaxation time, 
rs. For intersubband energy separation greater than 
approximately 36 meV, optical phonon scattering 
is the main intersubband relaxation process. The 
reported intersubband relaxation times due to optical 
phonon scattering vary over more than one order 
o f  magnitude. Relaxation times o f  the order o f  
10 ps at 300 K for an intersubband energy separation 
o f 120 meV in GaAs quantum w ells were reported 
by Seilmeier and co-workers [20], whereas recent 
experimental measurements and theoretical calculations 
reported subpicosecond intersubband relaxation times 
[21]. We use rs =  1 ps for structure I, which 
has an intersubband energy separation greater than the 
optical phonon energy. Acoustic phonon scattering is 
expected to be the dominant mechanism for intersubband 
relaxation if the intersubband energy separation is less 
than the optical phonon energy. Oberli et al [22] 
reported intersubband relaxation times o f the order o f  
several hundred picoseconds due to acoustic phonon 
scattering in wide GaAs-AlGaAs multiple quantum
Table 1. Numerical parameters used in the simulations.
Structure 1 Structure II
X (/<m) 10 60
l-i (A) 40 70
M  A) 82 285
/-3(A) 40 70
AE (meV) 7 0.2
A E' (meV) 5 0.1
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wells at low temperature. A typical value of acoustic 
phonon scattering time o f 300 ps is used in structure II. 
Table 1 shows the various numerical parameters for the 
two structures used in the calculation.
3. Calculation of the transparency current 
density
3.1. Intersubband population inversion
The carrier densities in all subbands increase as the 
external injection current density is increased. The 
dependence on injection current density, / ,  o f  carrier 
densities in the upper and lower subbands o f  QW2 
and intersubband population inversion for structure I is 
illustrated in figure 2. It is observed that the intersubband 
population inversion. An =  n™ —n ^ ,  becomes positive 
when the external injection current density exceeds 
the level Jq, which is termed the transparency current 
density.
Figure 3 shows the calculated intersubband popula­
tion inversion as a function o f  J  at different tempera­
tures for structures I and II. It is noted that the injection 
current density needed to achieve intersubband popula­
tion inversion in structure I is significantly higher than 
that required in structure II. This is because the down­
ward intersubband transition o f  structure I is effected by 
the very fast optical phonon scattering, whereas a much 
slower acoustic phonon scattering limits the downward 
transition in structure II. It therefore appears that lasing 
action based on intersubband transition may, at a rea­
sonable level o f  injection current, be feasible only in the 
far-infrared wavelength range. However, the absorptive 
loss is greater for longer wavelengths, and thus there is 
a trade-off to be considered when designing such a laser.
It is also observed that higher injection current 
densities are needed to obtain a given level o f population 
inversion as the temperature is increased. We have 
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Figure 2. Dependence of carrier density and population 
inversion on injection current density for structure I. 
Intersubband population inversion becomes positive when 
J exceeds the transparency current density, J0.
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Figure 3. Intersubband population inversion as a  function 
of injection current density at different temperatures for 
(a) structure I, tt =  4.0 ps, and (b) structure II, it =  1.5 ns.
induced carrier leakage from the upper subband o f  
QW2 to the collector are negligibly small. In view  
o f  the uncertainties in the reported experimental values 
o f  the intersubband relaxation times, it is difficult to 
incorporate the temperature dependence o f rs in the 
analysis. The temperature dependence o f An  arises 
mainly because the quasi-two-dimensional degeneracy 
density, nCl, is a function o f temperature. In practice, the 
intersubband relaxation rates increase as the temperature 
is increased, and this may affect the temperature 
dependence o f  An.
It should be noted that since the upper subband is 
closer to the barrier edge, and hence is less tightly bound 
than the lower subband in QW2, the energy broadening 
is larger in the upper subband, that is A E  >  A E '.  
This implies that Z\2 <  x2i according to equation (5). 
We see that intersubband population inversion is still 
possible in this case. It is clear therefore that inversion 
o f the tunnelling rates is not a necessary condition for 
intersubband population inversion. It is found, however, 
that a lower transparency current density can be achieved 
by decreasing Xn and increasing i | 2  so that ri2  ~  
i 2 3 - This can be done by designing different barrier 
widths between the quantum wells such that the coupling 
between QWl and QW2 is reduced whereas the coupling
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between QW2 and QW3 is increased. Nevertheless, 
decreasing the coupling between QWl and QW2 by 
increasing the barrier width will increase the effective 
transit time, and increasing the coupling between QW2 
and QW3 by reducing the barrier width will in practice 
increase the leakage current. All these will eventually 
increase the transparency current density.
3.2. Transit time dependence of the transparency 
current density
The dependence o f  the transparency current density on 
effective carrier transit time is illustrated in figure 4. 
The effective transit time includes not only the 
tunnelling times r | 2  and T2 3  and the intersubband 
transition time rs, but also tunnelling times through 
the outer barriers, electron dephasing times in the 
various subbands effected by intrasubband scattering 
events such as electron-electron scattering, and also 
electron diffusion time. Any extra time delays caused 
by these intrasubband processes will lead to higher 
electron accumulation in the various subbands and 
further increase J q. The minimum transit time for 
structure I is approximately 3.8 ps from figure 4(a). 
The transit time dependence o f  J q for structure II is 
less sensitive; a large change in i f  (o f the order o f  
nanoseconds) produces only a small change in J q. This 
is possibly because the transit time o f  structure II is much 
larger than the electron dephasing time (o f the order o f  
subpicosecond). From figure 4(h) the minimum i t  is 
approximately 1.2 ns for structure II.
33. Dependence of the transparency current 
density on intersubband relaxation time
As has been noted earlier, the reported experimental 
values o f  intersubband relaxation time due to optical 
phonon scattering for GaAs-AlGaAs quantum wells 
differ by more than one order o f magnitude. However, 
recent experiments tend to give values o f rs in the 
subpicosecond to 1 ps range. For intersubband energy 
separation less than the optical phonon energy, the 
intersubband relaxation rate is reduced by about two 
orders o f magnitude, being limited by the slower 
acoustic phonon emission. In view o f  such uncertainties 
in the values o f  the intersubband relaxation time, 
it is instructive to investigate the sensitivity o f the 
dependence o f the transparency current density on 
intersubband relaxation time.
Figure 5 shows the transparency current density as 
a function o f the intersubband relaxation time for the 
two structures. J q increases by more than two orders 
o f magnitude if t s is reduced from 1.0 ps to 0.1 ps for 
structure I. Similarly, J q increases by almost one hundred 
times when rs is reduced from 0.35 ns to 0.035 ns 
for structure II. The results suggest that intersubband 
population inversion is highly dependent on rs and that 
in order to achieve population inversion it is crucial to 
reduce the intersubband relaxation rate.
Several ways may be used to reduce the intersubband 
relaxation rate. Firstly, phonon emission can be reduced
100
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Figure 4. Dependence of transparency current density 
on effective carrier transit time for (a) structure I and (b) 
structure II. Minimum transit times for the two structures 
can be obtained from the figure.
considerably by lowering the temperature o f operation 
o f the device, thus enhancing the electron lifetime in 
the upper subband o f the emission well. Secondly, 
it is found that material with a lower effective mass 
has a longer intersubband relaxation time, and hence 
material such as InGaAs, with a lower effective mass 
and longer intersubband relaxation time than GaAs 
[2 1 ], may be used in the emission quantum well. 
Finally, for intersubband energy separation larger than 
the optical phonon energy, the intersubband relaxation 
rate can be reduced by reducing the quantum well 
width [20, 23]. The latter effect arises because the 
larger intersubband energy separation (corresponding to 
smaller well width) requires a larger wavevector for 
the intersubband transition whilst the density of final 
states decreases with increasing wavevector. Hence 
intersubband population inversion may be achieved at 
lower injection current densities for emission wave­
length A <  10 /xm. This, together with the fact that 
optical absorptive loss decreases for shorter wavelengths, 
indicates that lasing action based on intersubband 
transitions may be easier to achieve for A < 1 0  /xm 
than for A =  10 /xm. The above analysis suggests that 
experimental investigation into intersubband population
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Figure 5. Dependence of transparency current density 
on intersubband relaxation time for (a) structure I and 
(b) structure II.
inversion for wavelengths shorter than 10 fim  could be 
o f considerable interest with a view to designing near- 
infrared lasers operating in the A. =  3 -5  fim  atmospheric 
window [17].
4. Calculation of the threshold current density
Having shown that intersubband population inversion 
can indeed be achieved at reasonable injection current 
densities in the resonant tunnelling quantum well 
structures, this section is devoted to assessing the 
potential for infrared lasing. In this respect, we analyse 
optical losses taking into account the device geometry 
in a way similar to Borenstain [9], and calculate the 
threshold current density required for lasing action in 
the two structures.
The optical gain, g (per unit length), in the emission 
quantum well is given by [9]
*(*) =
T2A nX1
4 jr€ rTc 1 +  ((O -  d)o)2T }
(7)
where €r is the relative permittivity o f GaAs, T2 is the 
electron dephasing time, coq is the angular frequency at
resonance and rc is the spontaneous radiative time given 
by
r f 1 =  ( 2 j z  € l/ 2e2 /  m* €ok2c) fi j  (8)
where €o is the permittivity o f free space, c  is the velocity 
o f light in vacuum and f tj  is the oscillator strength o f  
the transition from level i to level y, which can be 
approximated by f a  =  64 { i j ) 2/ n 2{i2 — y2) 3.
To establish the lasing threshold condition, we 
consider the device configuration in figure 1, in which 
free carriers are confined to just two conducting layers 
(injector and collector) with total thickness tc. The 
generated photons are confined to an effective mode 
thickness o f /m =  A./27T, n being the refractive index. 
Lasing action in the structures occurs when the optical 
gain equals the total losses, i.e.
— S *  =  +  *7c<*c +  + (9)
where ora, a c and a, are the loss coefficients (per unit 
length) in the active quantum well layer, the conducting 
layers and the intrinsic region o f the cladding layers 
respectively, t/c and rji are the mode filling factors in 
the conducting and intrinsic cladding layers respectively. 
The last term accounts for mirror loss o f  the laser with 
cavity length L c and facet reflectivity R.
For photon energies below the fundamental bandgap 
energy, the two chief sources o f optical loss are the 
absorptions caused by interaction o f  electromagnetic 
radiation with lattice vibrations (phonon interaction) 
and by collective oscillation o f free carriers (pi as mo n 
interaction). These losses can be calculated through the 
complex dielectric constant given by
€(a>) =  ( n - i l e ) 2
— o^o | 1 + 2 2 <o£-o4 co:
a % - a ) 2 +  io>)/ph (o(co -  iypt)
(10)
where is the high-frequency dielectric constant, 
6>l, o>y and (op are the angular frequencies o f the LO 
phonons, TO phonons and plasmons respectively, j/ph 
and ypi are the damping constants o f the phonons and 
the plasmons respectively, yp\ =  e/2n(i^m*, fic is the 
electron mobility, co2 =  Nce2/m*€oo€0 and Nc is the 
electron density in the conducting layers. The loss 
coefficient in the conducting layers can be calculated 
from the extinction coefficient k in equation (11) using 
a c =  4n k jX .  Similarly, a t is calculated using k with 
Nc =  0. Absorption by plasmon interaction in 
the emission quantum well is negligible because 
radiation emitted from intersubband transitions is 
polarized perpendicular to the quantum well layers, 
whereas plasmon oscillations can interact only with 
radiation polarized parallel to the quantum well layers. 
Furthermore, due to the small active layer thickness, 
absorption from photon-phonon interaction in the 
emission well is negligibly small for wavelengths well 
above or below the reststrahlen region at wavelengths 
between 34 and 37 £im. Hence ora 0.
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Figure 6. Dependence of the threshold current density on 
the electron density in the conducting layers for the two 
structures. Note the different scales on the two y-axes.
The intersubband population inversion at lasing 
threshold is obtained by equating equations (8) and (10) 
for cd =  cdq. The carrier rate equations are then solved 
for 7* consistent with the obtained threshold population 
inversion. The numerical parameters used are: er =  
12.25, T2 =  0.21 ps [21], R  =  0.3, Lc =  1 mm, 
€oo =  11.1, cl>l =  291.5 cm-1 , o>x =  268.2 cm -1 , 
Yph =  2.3 cm"1 and /ze — 5000 cm2 V -1 s-1 .
We assume tc =  2 /zm in both structures. Since 
tc >  ^  1.43 /zm in structure I, the mode filling
factors are given by rje =  (fm — L-j)/tm and ifr =  0. In 
structure II, however. tc <  tm and in this case rjc — tc! tin 
and rji — (rm — tc) / t m. Figure 6 shows the calculated 
threshold current density as a function o f  the electron 
density in the conducting layers for the two structures at 
room temperature. As Nc is increased through doping, 
the absorption due to plasmon interaction increases, thus 
increasing the threshold gain and 7,h. It is observed that 
7* remains relatively low at low Nc but increases sharply 
when Nc exceeds 2.3 x  1017 cm-3 for structure II. This is 
because, for electron density above this value, the plasma 
frequency in the conducting layers becomes higher than 
the emission frequency ( «  5 THz) o f structure II, and 
thus enhances the plasmon interaction absorption. It 
is noted, however, that low electron density in the 
conducting layers will increase the refractive index o f  
the cladding layers towards the value o f that in the 
active region, and this will have an anti-guiding effect 
on the generated photon and thus reduces the photon 
confinement. From figure 6 we find that reasonable 
threshold current densities o f  the order of 1-5 kA cm -2 
are achievable in structure II with Nc =  1-3 x  
1017 cm -3 . For structure II, 7* around 40 -50  kA cm -2 
is required over the same range o f Nc. The calculated 
values o f threshold current density for the X =  10 /zm 
structure in the present analysis agree very well with 
estimates of Faist [17] for their X =  5 /zm structure, 
the small difference being due to the fact that optical 
absorptive loss decreases for shorter wavelengths. As the 
operating temperature is lowered, the electron mobility 
/ze increases and it is found that the absorption loss in
the conducting layers decreases. It is thus expected that 
lower threshold current density can be achieved in both 
structures for low temperature operation.
The analysis o f carrier transport and optical loss 
presented here is based on the triple-coupled quantum 
well structures shown in figure 1. For practical device 
operation, such a triple-coupled quantum well structure 
can be periodically repeated to form a superstructure. 
Such a superstructure would be expected to provide 
better optical confinement and, as a result, lower 
threshold current density should be achievable. Resonant 
optical waveguide structures may also be considered for 
enhancing the waveguiding properties o f  the device.
5. Summary
We have presented a theoretical model o f  electron trans­
port in resonant tunnelling quantum well structures, in­
corporating the relevant physical mechanisms o f res­
onant tunnelling and intersubband emission-absorption 
processes. Optical loss analysis has been carried out 
taking into account the device structure. Solution o f  
the four-level carrier rate equations from the transport 
model, consistent with the balance o f  gain and loss in 
the laser devices, enables the threshold current density to 
be calculated explicitly as a function o f  electron doping 
density in the cladding layers. The results show that a 
reasonably low threshold current density in the range o f  
1-5 kA cm -2 is achievable for room temperature lasing 
at X =  60 /zm. A significandy higher threshold cur­
rent density o f  4 0 -5 0  kA cm -2 is required for emission 
at X =  10 /zm. The transparency current density has 
also been shown to be extremely sensitive to the inter­
subband relaxation time. Our analysis demonstrates the 
feasibility o f  using current injection resonant tunnelling 
quantum well structures for far-infrared lasing. The car­
rier transport model presented here is very general and 
can be used to analyse carrier dynamics in resonant tun­
nelling QW structures. Specifically, superstructures con­
sisting o f  periodically repeated triple-coupled QW such 
as those reported by Faist [17] can be analysed using the 
carrier transport model presented in this work.
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Nearly degenerate four-wave mixing in above-threshold laser diodes with low or asymmetric facet reflectivities 
is investigated theoretically. It is shown th a t the conjugate reflectivity and the four-wave mixing bandwidth 
are enhanced in lasers with low-reflectivity facets. It is shown, in particular, tha t the maximum conjugate 
reflectivity can be obtained in lasers with highly asymmetric facet reflectivities. Longitudinal variations of 
both the nonlinear interaction and the gain distribution in the laser cavity are taken into account in  the model. 
Such variations are shown to be essential in describing four-wave mixing in laser diodes with low or strongly 
asymmetric facet reflectivities.
INTRODUCTION
Multi wave mixing processes in laser diodes1,2 and 
semiconductor optical amplifiers3,4 have attracted con­
siderable attention in recent years. Optical phase con­
jugation through nearly degenerate four-wave mixing 
(FWM) in semiconductor lasers is of particular interest 
because very high conjugate reflectivities of the order 
of 3 0 -4 0  dB can be achieved because of the amplifying 
effect o f the semiconductor gain medium and the cavity 
enhancement of the mixing process.5,6 Wave mixing also 
represents one of the fundamental nonlinear-optical pro­
cesses and has an important effect on the dynamical and 
spectral behavior of laser diodes. In multilongitudinal­
mode InGaAsP laser diodes, multiwave mixing occurring 
in the presence of nonlinear gain was shown to effect 
self-locked FM operation.7-9 FWM may also be used 
to extract basic information on gain saturation10-13 and 
to characterize many fundamental parameters of semi­
conductor lasers.6,14 Furthermore, all-optical frequency 
conversion with FWM15 was proposed for use in optical 
coherent multicarrier systems. Studies in FWM also 
help in the understanding of the generation of undesir­
able cross talk and intermodulation distortion between 
amplified channels in semiconductor laser amplifiers.16
In a seminal paper,17 Agrawal presented a theory of 
nondegenerate FWM in semiconductor lasers and am­
plifiers with particular emphasis on the physical pro­
cesses that lead to population pulsations. However, 
Fabry—Perot cavity effects were not included in the 
analysis. By using the homogeneous field approxima­
tion, Mecozzi et al.ls and Hui and Mecozzi19 recently 
derived analytical expressions for the probe and the con­
jugate wave output through nearly degenerate FWM 
in distributed-feedback semiconductor lasers operat­
ing above threshold. In recent research, Simpson and 
Liu20 successfully incorporated cavity effects into a 
time-domain description of phase and amplitude char­
acteristics of nearly degenerate FWM and demonstrated 
excellent agreement with experimental results. As was 
appropriate to their experiments, the theoretical treat­
ment of Simpson and Liu took no account of spatial 
variations along the laser cavity.
In the present paper, cavity-enhanced nearly degen­
erate FWM in above-threshold laser diodes with low or 
asymmetric facet reflectivities is studied theoretically. 
We generalize the research of Agrawal to take into ac­
count Fabiy-Perot cavity effects and, at the same time, 
incorporate the longitudinal variations of both the non­
linear interactions and the gain distribution in a the­
oretical description of nearly degenerate FWM in laser 
diodes. In this way it is possible to obtain a model that 
is widely applicable and that is, in particular, capable of 
describing FWM properties in laser diodes in which the 
longitudinal field and gain distribution are significantly 
nonuniform. It is shown that enhancement of the conju­
gate reflectivity and the FWM bandwidth can be achieved 
in lasers with low-reflectivity facets. It is shown also 
that the maximum conjugate reflectivities are obtained in 
lasers with one low-reflective coated facet and one high- 
reflective coated facet. The importance of incorporating 
the longitudinal dependence of the nonlinear interaction 
and the gain is established, especially in lasers with low 
or highly asymmetric facet reflectivities. The model pre­
sented here may also be used to treat multiwave mixing 
in multisection laser diodes and other devices with longi­
tudinal structural variations.
THEORETICAL MODEL
In this section we present a theoretical model of cavity- 
enhanced nearly degenerate FWM in above-threshold 
laser diodes based on a theory proposed by Agrawal,17 
generalized to take into account resonant-cavity effects 
and longitudinal variations of the nonlinear interaction 
and the internal gain distribution. The laser is assumed 
to oscillate in a single transverse and longitudinal mode 
providing the pump wave at frequency to0. A collinear 
probe wave at frequency toi is injected into the pumped 
laser through the front facet at z =  0, where z  is the 
distance along the longitudinal direction of the laser. A
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conjugate wave at frequency o)2 is generated through 
FWM.
The nonlinear interaction of the field E  in the semicon­
ductor laser, assuming that the laser structure supports 
only the fundamental waveguide TE mode, is described in 
the scalar approximation by the wave equation
V2E  -  — d2E
at2
1 d2P  
eQc2 at2 (1)
where n is the refractive index, c is the velocity of light 
in vacuum, €q is the vacuum permittivity, and P  is the 
induced polarization. The field is normalized such that 
the optical intensity I  (in units of watts per square meter) 
is given by /  *= \E\2. Using a plane-wave expansion, we 
write the field E  and the induced polarization P  as the 
sum of the Fourier components:
E(x, y , z )  =  U  (x , y )Z  Ej(z)ex  p ( -  io i j t) , (2)
j
P (x ,y ,  z) — U (x,y)Z.Pj(z)exv(-ia>jt) , (3)
j
where U(x,y)  is the transverse distribution of the TE 
mode and j  =  0 ,1 ,2  correspond to the pump, the probe, 
and the conjugate waves, respectively. The frequencies 
of the various waves obey the relationship
— OJq “  0)0 0)2 “ ft. (4)
We substitute Eqs. (2) and (3) into Eq. (1), multiply by 
U*(x,y), and integrate over the transverse dimensions x  
and y  to obtain the one-dimensional wave equation
d2E;  .  To)2 
dz* + J '  “  z0c*
(5)
where k j  =  no)jfc, n is the effective-mode index, and T is 
the confinement factor.
The dominant physical mechanism of nearly degenerate 
FWM in semiconductor lasers was explained by Agrawal 
to be the modulation of the carrier density at the beat fre­
quency H of the pump and the probe waves. The carrier 
density modulation results in temporal refractive-index 
and gain modulation, which act as index and gain grat­
ings to the pump and the probe waves. Diffraction of the 
pump and the probe waves from these dynamic gratings 
generates the conjugate wave. We can obtain the static 
carrier density N  at an injection-current density J  and 
the carrier density modulation A N  a by solving the carrier 
rate equation.17 Because the pump—probe frequency de­
tuning in the nearly degenerate case is much smaller than 
the gain-spectrum bandwidth, it can be assumed that all 
waves experience the same gain given by
g(N ) =  a ( N - N 0), (6)
where N  is the carrier density, N 0 is the carrier density 
at transparency, and a  is the gain coefficient. The ef­
fect of gain saturation has been reported18 to reduce the 
efficiency of FWM interaction, particularly near the re­
laxation oscillation frequency of the pumped laser. Gain 
saturation will not, however, change the qualitative ef­
fects on phase-conjugate reflectivity arising because of
varying laser facet reflectivities. It is these effects that 
are the focus of the present study.
The field-carrier interaction is governed by the relation
P  "  t o x E . (7)
where the susceptibility is defined as ^(Af) =  — nc 
{fi + i)g(N)/o)o and /? is the linewidth enhancement 
factor that accounts for the carrier-induced index change. 
We calculate the induced-polarization components Pj by 
substituting Eq. (2), together with the gain and the car­
rier density expressions, into Eq. (7). We then obtain
where
P0(z) -  e0Ag(N)E0(z),
Pi(z) =  e0Ag(jV)[Ei(z) -  AnftEo], 
P2(z) -  €oAg{NtE2{z) -  Anft*E0],
A  =  -  (nc/a>0)(p +  i ) ,
aAnn
( N - N 0) 
g(N) =  a ( N - N 0)
(Eq Ei +  E0E2*)/Pt 
(1 + |E0|2/P , -  iU r.)
(art/ed )J  — aN 0 







and where P , *= hoo/iTar,)  is the saturation intensity, h 
is Planck’s constant divided by 2rr, r ,  is  the spontaneous 
carrier lifetime, e is the electronic charge, and d  is the 
active layer thickness.
CAVITY EFFECTS
To incorporate the effect of the resonant cavity into the 
analysis, it is necessary to treat both the forward and the 
reverse propagating waves. In this case, therefore, the z  
dependence of the fields is assumed to be
Ej(z) =  VpT [A/(z)exp(i&oz) + A f(z )e x p (—ikoz)],
(14)
where A/  (z) and A f  (z) are the normalized complex enve­
lope functions of the forward- and the reverse-propagating 
waves, respectively. Similarly, the induced polarization 
at the corresponding frequency is expressed as the sum of 
the forward- and the reverse-propagating components:
Pj(z) =  Pj+(z)exp(ik0z) +  Pj ~(z)exp(-ik0z ) . (15)
We substitute Eqs. (14) and (15) into Eq. (5) and apply 




O^int i  ♦
T ^ " 2 nceQyfF^
io)\Td A r _  inft * * _  aint * *—-— -+- Af ± ——A r = ± —------7==







fa ll . ♦ , O^int , ♦ A2“ ± — -A 2- =  ± 2nc€0VF7 P2“ , (18)
where ctint is the internal loss coefficient introduced to 
take into account all the losses (diffusion, free-carrier 
absorption, scattering, etc.) other than mirror loss.
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Substituting the induced-polarization components from 
Eqs. (8 )-(10) as the source terms into Eqs. (16)—(18), we 
obtain the coupled-wave equations that describe the evo­
lution of three sets of copropagating and counterpropagat- 
ing fields along the z direction:
dAo“ _  ttint „ *—  -  ±a0Ao h- — A,-, (19)







Ai — oq{Ai — A/tftAo ) — njntA r
(20)
A2 — ao(A2 — A/t^Ao ) ■+■ ~ ~ A 2 ,
Anfl(z) =
A q+ (A 2+)* + (Ap+)*A^ + Aq-(A2-)* + (Ap~)*Ar 
(1 + Pt ~ iCtrs) 
go(l ~ ip)
aoiz) 2[1 +  PT(z)]





and where go ** TaNo(J/Jo — 1) is the small-signal gain 
and J 0 — ed.No/ T« is the transparency current density. 
Only copropagating wave coupling is taken into account 
in the equations. Counterpropagating wave beating does 
not contribute significantly to the nearly degenerate FWM 
process3 because spatial gratings created by the counter- 
propagating fields have periods much shorter than the 
carrier diffusion length. The z  dependence of the nor­
malized intracavity pump intensity P t  is retained in the 
model. This is of importance when consideration is given 
to lasers with very low or nonidentical facet reflectivi­
ties in  which significant nonuniformity in the field dis­
tribution is anticipated. We consider the case in which 
the probe-signal injection is veiy small so that the effect 
of probe-induced carrier depletion in the pumped laser 
is negligible. The intracavity pump signal can thus be 
assumed to be free running. This assumption is consis­
tent with reported experimental investigations of nearly 
degenerate FWM in laser diodes in which a very small 
probe-signal injection power of approximately 0.02 /zW 
was used.18,20
The coupled-wave equations must satisfy the boundary 
conditions at the two laser facets with power reflectivities 
Ri and R2, respectively:
A /( z  =  0) = y / l - R i  Em + V S T a/(z  = 0 ) , (25)
E r j  — V l ~ Ri Aj~ (z — 0) + 'jRi , (26)
Aj~(z =  L)exp(-£/cL)
= >/f^A ./(z =  L)exp(i/cL), (27)
Et j  = V l -  R2 A /(z  = L)exp(i*L), (28)
where Em is the normalized incident probe-signal ampli­
tude, which is zero for j  = 0, 2; k is the wave number in
the laser medium; L  is the laser cavity length; and F /{ 
and Et j  are the output fields from the front (z = 0) and 
the rear (z =  L) facets, respectively, at the corresponding 
frequency.
We define the probe/conjugate reflectivity Rp/c as the 
ratio of the probe/conjugate output power from the front 
facet (z — 0) to the incident probe power, and we define 
the probe/conjugate transmittivity Tpfc as the ratio of the 
probe/conjugate output from the rear facet (z =  L) to the 













The numerical solution of the system of ordinary differ­
ential equations (19)—(21) that are subject to the bound­
ary conditions at the laser facets allows the evolution of 
the various fields and their nonlinear interaction to be 
computed along the propagation direction z. This z de­
pendence of the fields and hence the gain is of particular 
importance when the laser has low or asymmetric facet 
reflectivities, in  which case the homogeneous field ap­
proximation is no longer valid. In addition, the effects 
of a Fabry-Perot cavity with different facet reflectivities 
on the coqjugate output can be investigated only by nu­
merical solution of the differential equations.
Because A /t (z) in the coupled-wave equations are com­
plex quantities, we must separate each equation into its 
real and imaginary parts and solve a total of 12 equations. 
Although the free-running pump-signal wave equation 
(19) is independent of Eqs. (20) and (21), numerical 
solution is required because of the z dependence of the 
coefficient ccq. An iterative method that uses the piece- 
wise constant inversion population (PCIP) model similar 
to that of Middlemast et al .2l is used to solve Eq. (19). 
The model is based on solving the field and carrier density 
equations self-consistently with the boundary conditions 
imposed by the two facets. In the model, the longitudi­
nal length of the laser cavity is divided into M  segments, 
in each of which a constant, but as yet unknown, value of 
the inversion population and thus the gain is assumed. 
This approach allows an analytical expression for the 
forward and the reverse propagating pump fields to be 
obtained in each segment. The average intensity distri­
bution in each segment is then calculated and is used 
in the charge conservation equation to yield the self- 
consistent, constant value of the inversion population in 
each corresponding segment. The procedure is repeated 
until the boundary conditions are satisfied to a required 
degree of accuracy. The PCIP model allows the pump 
wave equations to be solved with considerable reduc­
tion in computation time. The probe and the conjugate 
wave equations are then solved by a library routine for a 
system of boundary-value ordinary-differential equations 
in conjunction with the obtained pump waves at each 
mesh point.
To determine the laser medium wave number k , we 
solve the propagation equation (19) by using the PCIP
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model in conjunction with the boundary conditions (25) 
and (27) with j  =  0 and Em =  0. We then obtain the 
oscillation condition for the free-running laser:
\ iR1R2 expj  ^  ^—  Y .S n ~  je x p (t»  =  1, (31)
where jp is the total phase shift of the pump wave in 
propagating through the laser cavity in one complete 
round trip and is given by
<3 2 >M *-l
and g m is  the constant gain in the nth segment. The 
last term in Eq. (32) is the detuning introduced by phase- 
amplitude coupling as characterized by /?. The oscilla­
tion condition (31) requires that the total phase shift be 
some integral multiple of 2ir. Equation (32) then be­
comes
S L  ^
2kL  =  2mir + ^ r r  (33)
M  n— 1
where m  is an integer. This defines k in the boundary 
conditions. Using initial tests with a variable M, we 
found th a t a reasonable degree of accuracy in the solutions 
of A f  could be obtained with M  *  50 in the PCEP model.
RESULTS AND DISCUSSIONS
A small probe injection power o f Pin *=* 0.02 /iW (Refs. 18 
and 20) is  assumed to be incident at the laser front facet 
at z “  0. The following parameter values appropriate 
to GaAs—AlGaAs laser diodes are used in the analysis: 
laser volume V  *= (250 pm  X 2 .0 /zm X 0.2 /zm), lasing  
wavelength A0 == 0.83 /tm, T =  0.4, a  =  3 X 10- l s cm2, 
No — 1.1 X 1018cm -3-, t ,  *= In s , and =  20cm -1.
A. Symmetric Laser Diodes
To illustrate how longitudinal variations influence the 
FWM process in laser diodes, the normalized amplitudes 
of the carrier density deviation Ann along the cavity 
length are plotted in Fig. 1. Significant longitudinal 
nonuniformity is observed in the carrier density devia­
tion distribution, especially for lasers with highly asym­
metric facet reflectivities. Inasmuch as it is the carrier 
density fluctuations that drive the FWM process, it is to 
be expected that such carrier variations will influence 
achievable phase-conjugate reflectivities in these devices. 
This is  shown clearly in Fig. 2.
The evolution of the conjugate-signal intensity along 
the longitudinal direction of the laser is illustrated in 
Fig. 2 , in which the laser facet reflectivities are f?i =  R2 —
0.1. The solid curves are obtained with the PCIP model. 
The dashed curves correspond to solutions of the conju­
gate signal that are obtained with a spatially uniform 
gain model, in which case one assumes a z-independent 
normalized average intracavity pump intensity P t given 
by
P T -  r  f  |A0*(z)|2 + |A„-(z)|2d2 =  -  1 , (34)
L Jo g th
(35)
where gth is the threshold gain of the laser. Significant 
differences are observed between the propagation curves 
of the conjugate intensity computed with the two models 
when the laser facet reflectivity is small. This is gener­
ally true for Ri =  R2 — 0.3 and for lasers with highly 
asymmetric facet reflectivities. Similar differences are 
also observed in the values of the probe intensity, al­
though the differences between the pump intensities from 
the two models are less pronounced. Figure 2 also shows 
that the conjugate intensity along the z  axis is highly 
nonuniform, and thus the homogeneous-field approxima­
tion cannot be assumed in lasers with low facet reflectivi­
ties. The above results demonstrate that longitudinal 
variations of the internal gain should be taken into ac­
count in discussions of FWM when consideration is given 
to lasers with low or asymmetric facet reflectivities.
The probe and the conjugate output power at z — L as a 
function of pump—probe frequency detuning are shown in 
Figs. 3(a) and 3(b), respectively. The facet reflectivities 
are Ri =  R2 =  0.3. The solid and the dashed curves 
correspond to fi — 3 and =  4, respectively. Probe and
— — R|=0.1, R,=0.9
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Fig. 2. Evolution of normalized conjugate intensity along the 
longitudinal direction of the laser cavity. Significant differences 
are observed between results obtained with the PCIP model (solid 
curves) and the uniform-gain model (dashed curves).
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Fig. 3- (a) Probe and (b) conjugate output power versus fre­
quency detuning ft — « i — *>o for 3 (solid curve) and p  ** 4 
(dashed curve), ft — fti =* R2 ■* 0.3.
conjugate output power peaks are observed at frequency 
detuning approximately equal to
(36)
which corresponds to the relaxation oscillation frequency 
of th e  pump laser. It is also observed that the con­
jugate output power curve is symmetric with respect 
to zero pump-probe frequency detuning, whereas the 
probe output power curve exhibits strong asymmetry with 
higher probe output for negative frequency detuning. 
This agrees well with the experimental results of Simpson 
and Liu20 and with observations in semiconductor optical 
amplifiers.3,4 Such probe gain asymmetry was theoreti­
cally predicted by Bogatov et a l 22 and is due to the strong 
phase-amplitude coupling arising from the gain and the 
refractive-index dependence on the carrier density.17,23 
This probe output asymmetry is, however, not accounted 
for b y  the theoretical treatment and the experimental 
observation of Mecozzi and co-workers.18 In addition, 
Fig. 3 shows that probe and conjugate output power in­
crease for larger values of the linewidth enhancement 
factor and confirms the significant contribution of the 
refractive-index grating in the FWM process arising from 
the large p  value in semiconductor lasers.
The transmittivities of the probe Tp and the conjugate 
Tc waves as a function of frequency detuning are plot­
ted in Figs. 4(a) and 4(b), respectively, for different val­
ues of the spontaneous carrier lifetime, t , .  Tp and Tc in 
the range of 30—40 dB can be obtained at frequency de­
tunings near the relaxation oscillation frequency for r, =  
1.0 ns, which agree well with experimental observations.6
Because the relaxation oscillation frequency Hit is in­
versely related to r, as indicated in Eq. (36), we can 
see that the bandwidth for positive conjugate transmit- 
tivity increases for smaller t , .  For frequency detimings 
well above CIr , Tp and Te decrease rapidly with roll-off 
rates of approximately —20 and —60 dB per frequency 
decade, respectively, in accordance with the experimental 
results reported in Ref. 6. In this reference Fabry-Perot 
cavity effects are indicated as being responsible for the 
observed roll-off rates. The cavity effect is indeed appar­
ent in Fig. 4, in which, for large frequency detunings, the 
transmittivities are seen to increase again because of the 
effect of the adjacent Fabry-Perot resonance.
The conjugate transmittivity characteristics at differ­
ent output power levels are shown in Fig. 5 for lasers with 
facet reflectivities Ri =  R i — 0.3. It is  noted that the side 
transmittivity peaks occur at larger frequency detunings 
as the output power is increased. This is a direct con-
60
CDX> 50-
 T, =  0 3  ns
 T* — 1.0 ns
 T s =  3.0 ns
J s  40-
30-
~V




20 40 70 1007 101 2 4
Frequency detuning, Q / 2 tv (GHz)
60
T>
40-  ^  \
20-
- 20-
-4 0 - Ts = 0.5 ns 
t s = 1.0 ns 
r s = 3.0 ns-60-
O  -80
40 70 100201 7 102 4
Frequency detuning, Q / 2 tt (GHz)
Fig. 4. (a) Probe and (b) conjugate transm ittivity as a function 
of frequency detuning for different r , .  fti =  R2 = 0.3 and 
P = 3.0.
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Fig. 5. Conjugate transmittivity Tc, at different output powers 
Pq against frequency detuning. /3 =  3 and R  =  0.3. Similar 
curves are observed for probe transmittivity.
sequence of the dependence of the relaxation oscillation 
frequency on the optical intensity of the laser.
No change in the above qualitative behaviors is ex­
pected, provided that the probe injection power is not too 
large. Depletion of the gain by the probe and the conju­
gate signals becomes significant when their powers are 
comparable with the pump optical power, and in such 
an operating regime changes in the behavior may occur. 
The present calculations, however, describe the main 
features relevant to existing experimental research.6,18’20 
The good agreement between results from the present for­
malism and available experimental results is a confirma­
tion of the validity of the theoretical model developed in 
this paper.
B. Conjugate Output Enhancement in 
Low-Reflectivity Laser Diodes
The effects of varying the facet reflectivity R = Ri = R2 
on conjugate transmittivity at a constant injection-current 
density, chosen here to be J /J q =  2.45, are illustrated in 
Fig. 6. In laser diodes with symmetric facet reflectivity, 
Rc = Tc. For low facet reflectivity, the average intra- 
cavity pump intensity is reduced because of high mirror 
losses. The relaxation oscillation frequency of the laser 
is correspondingly reduced, resulting in the shift of the 
side transmittivity peaks to smaller frequency detuning. 
Lower pump intensity also means that carrier depletion 
by the pump wave is decreased, thus enhancing the ef­
fective gain experienced by the conjugate and the probe 
waves. Also, at low facet reflectivity, the coupling ef­
ficiency of the constant probe injection power into the 
laser cavity is increased. Both of these effects contribute 
to higher probe and conjugate transmittivities in laser 
diodes with low-reflectivity facets. This nontrivial result 
can be found only by the present technique, in which the 
coupled-wave equations incorporating the resonant-cavity 
effects and the z dependence of the nonlinear interaction 
are numerically integrated subject to the boundary condi­
tions imposed at the laser facets.
It can also be observed from Fig. 6 that the bandwidth 
for positive conjugate transmittivity increases as the laser 
facet reflectivity is reduced. This is purely a cavity effect, 
resulting from the broadening of the Fabry-Perot reso­
nant transmission bandwidth at low facet reflectivities. 
This explicit dependence of the conjugate transmission 
bandwidth on laser facet reflectivity can be computed, 
again, only by use of the present formalism.
The above results show that enhancement of both the 
conjugate transmittivity and the conjugate transmission 
bandwidth can be obtained in low-reflectivity laser diodes 
biased above threshold. Note, however, that a higher in­
jection current is required for obtaining a given level of 
output power when the laser facet reflectivity is reduced. 
As a matter of practicality, there is a limit to the injection 
current that one can apply to the laser and hence a limit 
to how low the reflectivity of the facet can be with anti­
reflection coating. We have thus shown that the band­
width of FWM in laser diodes biased above threshold is 
dependent not only on the spontaneous carrier lifetime, 
as in traveling-wave amplifiers,4 but also on the relax­
ation oscillation frequency and the facet reflectivities of 
the pumped laser. It is therefore suggested that experi­
mental investigation could be profitably undertaken on 
FWM effects in low-facet-reflectivity laser diodes with a 
view to taking advantage of the enhancements of both 
the conjugate transmittivity and the FWM bandwidth re­
vealed by the present analysis.
C. Asymmetric-Facet-Reflectivity Laser Diodes 
The conjugate reflectivity R c and the conjugate trans­
mittivity Te, as functions of Ri (defined as the facet 
reflectivity a t z = 0), are shown in Figs. 7(a) and 7(b), 
respectively. The probe-signal injection is assumed to be 
tuned to a frequency near the relaxation oscillation fre­
quency of the laser. Each curve in the figure corresponds 
to a constant product of RiR2 and thus to a constant 
threshold gain gth, assuming the same cavity length and 
internal loss coefficient. The curves are defined only in 
the range of i?i such that /?2 — 1 sets the limit on the left- 
hand side of each curve and R\ ^  1 defines the boundary 
on the right. The X in each curve represents the point 
at which R i  = R 2, where R c «** Tc. For R i < R 2, we ob­
serve that R c > Tc and vice versa. As the front facet 
reflectivity is increased, Rc decreases. This is because 
higher R\ means that less external injection power is cou­
pled into the laser cavity and less power is emitted from
60
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Fig. 6. Effects of varying the facet reflectivity R  =  Ri = R2 on 
conjugate transmittivity. R =  3. Similar curves are obtained 
for probe transmittivity.
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Fig. 7. (a) Conjugate reflectivity Rc and (b) conjugate transmit- 
tivity Te against front-facet reflectivity for lasers with different 
threshold gain values.
the front facet because of lower front-facet transmittivity. 
On the other hand, Tc increases up to a maximum, where 
Ri  =  R 2, and then decreases as R i  is  increased. It is also 
found that Te is  the same if  i?i and R 2 are interchanged 
for a constant product of R 1R2. This result means that 
the transmitted conjugate output power is the same at 
whichever facet the probe signal is incident. However, 
the reflected conjugate output power does depend on the 
facet upon which the probe is incident. Figure 7 shows 
that we can obtain the highest conjugate output power in 
a laser diode with asymmetric facet reflectivities by in­
jecting the probe signal at the facet with low reflectivity 
and by deriving the conjugate output from the same facet.
The present study shows that there exist opportunities 
for enhanced phase-conjugate wave generation by use of 
highly asymmetric laser diodes. Experimental investiga­
tions of such devices will therefore be of some considerable 
interest.
CONCLUSION
We have theoretically investigated cavity-enhanced 
nearly degenerate FWM in above-threshold laser diodes 
with low or asymmetric facet reflectivities. It has been 
shown that enhancement of both the conjugate output 
and the FWM bandwidth can be obtained in laser diodes
with low facet reflectivities. It has further been shown 
that maximum conjugate reflectivities can be achieved in 
lasers with highly asymmetric facet reflectivities. The 
importance of incorporating the longitudinal variations 
of the nonlinear interaction and the internal gain distri­
bution in the model has been established. The model 
developed in this paper has a wide applicability and can 
be used to study FWM processes in multisection laser  
diodes. Specifically, the model can be utilized to ana­
lyze FWM in laser diodes used for all-optical frequency 
conversion.
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